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introduction

Aim:

comlex analysis of hypersurfaces with non-isolated singularities

via holonomic D-modules

New

effective method for analizing of the structure of holonomic D-modules

associated to the Bernstein-Sato polynomial of

a hypersurface with non-isolated singularities

Key

The concept of Noetherian differential operators for

local cohomology classes associated to a primary ideal
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introduction

Main results of this talk

The concept of Noetherian differential operators

basic ideas

Grothendieck local duality with differential operators

+ extension by max. independent set

byproduct

A new alternative, effective algorithm for computing

classical Noether operators for primary ideals

in the sence of Ehrenpreis-Palamodov
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local duality and differential operators

Ωn
X: sheaf on X of holomorphic differential n-forms

X ⊂ Cn: open nbhd of the origin O ∈ Cn

Hn
{O}

(Ωn
X): local cohomology supported at O ∈ X

parfect pairing
res : OX,O ×Hn

{O}(Ω
n
X) −→ C

Hn
[O](Ω

n
X): algebric local cohomology supported at O ∈ X

Hn
[O](Ω

n
X) = limk→∞ExtnOX

(OX/m
k,Ωn

X)

m: the maximal ideal at O ∈ X

parfect pairing
res : ÔX,O ×Hn

[O](Ω
n
X) −→ C
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local duality and differential operators

F = [f1, f2, . . . , fk]: a list, k ⩾ n, X ⊂ Cn: a nbhd of O

f1, f2, . . . , fk: holomorphic functions on X

V(F) ∩ X = {O}

IF ⊂ OX,O, ÎF ⊂ ÔX,O: ideals generated by F

WF = {ω ∈ Hn
{O}

(Ωn
X) | IFω = 0}

ŴF = {ω ∈ Hn
[O](Ω

n
X) | ÎFω = 0}

non-degenerate pairing (Grothendieck local duality)

res : OX,O/IF ×WF −→ C

res : ÔX,O/ÎF × ŴF −→ C

Notice that WF
∼= ŴF and thus OX,O/IF ∼= ÔX,O/ÎF
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local duality and differential operators

Grothendieck local duality implies

IF = AnnOX,O
(WF)

Let

{ω1,ω2, . . . ,ωm} a basis, as a vector space over C, of WF

h ∈ OX,O: a germ of holomorphic function

then,

h ∈ IF, iff
res(h,ωj) = 0, j = 1, 2, . . . ,m

These conditions are computable !!
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local duality and differential operators

Let HIF = {ψ ∈ H2
[O](OX) | IFψ = 0}, then

WIF = {ψ · dx∧ dy | ψ ∈ HIF}

Example f(x, y) = x3 + y7 + xy5, F = [ ∂f
∂x
, ∂f
∂y

]

dimC(OX,O/IF) = 12

A basis of the vector space HIF ;[
1

xy

]
,

[
1

xy2

]
,

[
1

xy3

]
,

[
1

x2y

]
,

[
1

xy4

]
,

[
1

x2y2

]
,

[
1

xy5

]
,[

1

x2y3

]
,

[
1

xy6

]
− 1

3

[
1

x3y

]
,

[
1

x2y4

]
,

[
1

x2y5

]
− 5

7

[
1

xy7

]
− 5

21

[
1

x3y2

]
,

[
1

x2y6

]
− 5

7

[
1

x4y

]
− 5

7

[
1

xy8

]
− 5

21

[
1

x3y3

]
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local duality and differential operators

Let h(x, y) =
∑

i,j hi,jx
iyj ∈ OX,O

for w2 =

[
1

xy2

]
dx∧ dy , res(h,w2) = h0,1

for w9 = (

[
1

xy6

]
− 1

3

[
1

x3y

]
)dx∧ dy, res(h,w9) = h0,5 − 1

3
h2,0

Likewise h(x, y) ∈ IF, iff
h0,0 = h0,1 = h0,2 = h1,0 = h0,3 = h1,1 = h0,3 = h1,2 = 0
h0,5 − 1

3
h2,0 = h1,3 = h1,4 − 5

7
h0,6 − 5

21
h2,1 = 0

h1,5 − 5
7
h3,1 − 5

7
h0,7 − 5

21
h2,2 = 0, 12 linear conditions

Since hi,j =
1

(i−1)!(j−1)!
∂i+jh
∂xi∂yj (0, 0), the condition can be rewritenn

in terms of differential operators !!
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local duality and differential operators

Let

DX: sheaf on X of linear partial differential operators

OX: a left DX-module

Hn
[O](Ω

n
X): a right DX-module

For P(x, ∂
∂x

) ∈ DX, ω = ψdx, with ψ ∈ Hn
{O}

(OX)

ωP = (P∗ψ)dx, P∗: the formal adjoint of P.

Example

for w1 =

[
1

xy

]
dx∧ dy, w2 =

[
1

xy2

]
dx∧ dy , we have

(− ∂
∂y

)

[
1

xy

]
=

[
1

xy2

]
, namely w2 = w1

∂
∂y

,
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local duality and differential operators

for h(x, y) =
∑

i,j hi,jx
iyj ∈ OX,O

h0,1 = res(h,

[
1

xy2

]
dx∧ dy) = res(h, (− ∂

∂y
)

[
1

xy

]
dx∧ dy)

= res(∂h
∂y
,

[
1

xy

]
dx∧ dy)

Notice that

∂
∂y

is the formal adjoint of (− ∂
∂y

)
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local duality and differential operators

Let

K[x] = K[x1, x2, . . . , xn]: polynomial ring K = Q

p = (x1, x2, . . . , xn) ⊂ K[x]: prime ideal

q: a p-primary ideal

Let Hn
p (K[x]) denote the algebraic local cohomology defined by

Hn
p (K[x]) = lim

k→∞ExtnK[x](K[x]/p
k, K[x]).

Let δp denote the local cohomology class defined by

δp =

[
1

x1x2 · · · xn

]
∈ Hn

p (K[x])
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local duality and differential operators

Let D = K[x, ∂
∂x

]: the Weyl algebra

Lemma Hn
p (K[x]) = Dδp.

The local cohomology group Hn
p (K[x]) can be generated by δp as a

D-module:

Let

Hp = {ψ ∈ Hn
p (K[x]) | pψ = 0, ∀p ∈ p},

Hq = {ψ ∈ Hn
p (K[x]) | qψ = 0, ∀q ∈ q}

we have

Hp = SpanK{δp}
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local duality and differential operators

Let

Hq = SpanK{ψ1, ψ2, · · · , ψm}, m = dimK(Hq)

ψj = Rjδp, Rj ∈ D, j = 1, 2, · · · ,m
Lj = R

∗
j : the formal adjoint of Rj, j = 1, 2, · · · ,m

Theorem Let h ∈ K[x]. Then h ∈ q iff

Ljh ∈ p = (x1, x2, · · · , xn), j = 1, 2, · · · ,m

proof

res(h,ψjdx) = res(h, (Rjδp)dx)

= res(Ljh, δpdx) = (Ljh)(0)
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zero-dimensional case

Let

p ⊂ K[x] = K[x1, x2, . . . , xn]: a zero-dimensonal prime ideal

Hn
p (K[x]) = lim

k→∞ExtnK[x](K[x]/p
k, K[x])

Let

{p1, p2, . . . , pn}: a set of generators of the ideal p

δp = det

(
∂(p1, p2, . . . , pn)

∂(x1, x2, . . . , xn)

)[
1

p1p2 · · ·pn

]
∈ Hn

p (K[x]).

Hp = {ψ ∈ Hn
p (K[x]) | pψ = 0, ∀p ∈ p}

Then,

Hp = {h(x)δp | h(x) ∈ K[x]/p}
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zero-dimensional case

Let q: a p-primary ideal

Hq = {ψ ∈ Hn
p (K[x]) | qψ = 0, ∀q ∈ q}

Notice that

Hp, Hq have the structure of a vector space over the field K[x]/p

Lemma

HomK[x](K[x]/p, Hp(K[x])) = Hp

HomK[x](K[x]/q, Hp(K[x])) = Hq

Let D = K[x, ∂
∂x

]: the Weyl algebra

Hn
p (K[x]): holonomic D-module

Lemma Hn
p (K[x]) = Dδp
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zero-dimensional case

Now, we introduce two D-modules Mp,Mq as

Mp = D/Dp, Mq = D/Dq: holonomic D-modules

Consider

HomD(Mq,Mp): the set of D-linear homomorphisms between

the two left D-modules

HomD(Mq,Mp): Noetherian space of Hq

(i) a finite dimensional vector space over K.

(ii) a finite dimensional vector space over the fields K[x]/p.

Note

dimK(Hq) = dimK[x]/p(HomD(Mq,Mp)) · dimK(Hp)
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zero-dimensional case

Proposition

(i) HomD(Mp, H
n
p (K[x])) = Hp

(ii) HomD(Mq, H
n
p (K[x])) = Hq

From

HomD(Mq,Mp)×HomD(Mp, H
n
p (K[x])) → HomD(Mq, H

n
p (K[x]))

we have

HomD(Mq,Mp)×Hp → Hq (surjective)

Let

ρ ∈ HomD(Mq,Mp) and 1 ∈Mq = D/Dq. Then the image

ρ(1) ∈Mp = D/Dp can be represented by

a partial differential operator, say R, in D
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zero-dimensional case

Lemma Let R ∈ D. Then,
R is a representative of an element of HomD(Mq,Mp), iff R satisfies

qR ∈ Dp, ∀q ∈ q.

HomD(Mq,Mp) is computable!!

Let {ρ1, ρ2, . . . , ρm}: a basis, as a vector space over K[x]/p,

of the Noetherian space HomD(Mq,Mp)

(m = dimK[x]/p(HomD(Mq,Mp)))

Rj ∈ D: a representative of ρj (j = 1, 2, . . . ,m).

Since HomD(Mq,Mp)×Hp → Hq is surjective

any alement ψ ∈ Hq can be represented as

ψ =
∑

j Rj(bjδp), bj ∈ K[x]/p
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zero-dimensional case

Let

Lj = R
∗
j : the formal adjoint of Rj, j = 1, 2, . . . ,m

Theorem

q ⊂ K[x]: a p-primary ideal. Let h ∈ K[x]. Then
h ∈ q, iff Ljh ∈ p, j = 1, 2, . . . ,m

{L1, L2, · · · , Lm} constructed from HomD(Mq,Mp) completely describes

the multiplicity structure of the primaly ideal q

{L1, L2, · · · , Lm} gives rise to the Noetherian differential operators

in the sence of Ehrenpreis-Palamodov
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zero-dimensional case

Let

I ⊂ K[x]; zero-dimensional ideal,
√
I: radical

I = q1 ∩ q2 ∩ · · · ∩ qℓ: primary decomposition,

pk ⊂ K[x]: associated prime of qk, k = 1, 2, · · · , ℓ
√
I = p1 ∩ p2 ∩ · · · ∩ pℓ

Let

MI = D/DI: holonomic D-module

Mpk
= D/Dpk, Mqk = D/Dqk, k = 1, 2, · · · , ℓ

Proposition

HomD(MI,Mpk
) = HomD(Mqk ,Mpk

)
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zero-dimensional case

corollary Let R ∈ D. Then,
R is a representative of an element of HomD(Mqk ,Mpk

), iff R satisfies

gR ∈ Dpk, ∀g ∈ I.

HomD(Mqk ,Mpk
) is computable from

(i) a set of generators of the ideal I

(ii) a Groebner basis of the prime component pk

S. T. 1997-2002, Grothendieck duality and basic concepts

S. T. 2003-2004, algorithm for computing Noetherian differential operators

S. T. 2004, algorithm for computing Grothendieck local residues
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zero-dimensional case

Implementation and applications

K. Ohara and S.T.

An algorithm for computing Grothendieck local residues II

Mathematics in Computer Scinece 14 (2020), 483-496

K. Nabeshima and S. T.

Effective algorithms for computing Noetherian representations of

zero-dimensional ideals,

Applicable Algebra in Engineering, Computation and Computing

33 (2022), 867-899
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zero-dimensional case

Example I = ((x2 + y2)2 + 3x2y− y3, x2 + y2 − 1) ⊂ K[x, y]
I = q0 ∩ q1: primary decomposition

q0 = (x2, y− 1), q1 = ((4x2 − 3) − 2(2y+ 1), (2y+ 1)2)

p0 = (x, y− 1), p1 = (4x2 − 3, 2y+ 1): associated primes

local cohomology and Noetherian operators

Hp0
= SpanK(

[
1

(x)(y− 1)

]
),

Hq0 = SpanK(

[
1

(x)(y− 1)

]
,

[
1

(x2)(y− 1)

]
)

NTq0 = {1, (− ∂
∂x

)}: Noetherian differential operators
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zero-dimensional case

Noetherian operators

Hp1
⊂ Hq1 : K[x, y]/p1-vector spaces

Hp1
= SpanK[x,y]/p1

(

[
1

(4x2 − 3)(2y+ 1)

]
),

Hq1 = SpanK[x,y]/p1
(

[
1

(4x2 − 3)(2y+ 1)

]
,[

2

(4x2 − 3)2(2y+ 1)

]
+

[
1

(4x2 − 3)(2y+ 1)2

]
)

NTq1 = {1, (− ∂
∂x

) + (− ∂
∂y

)2x}: Noetherian differential operators
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positive dimensional case

q: primary ideal in K[x, y], p :=
√
q: the associated prime of q

x = (x1, x2, · · · , xd), y = (yd+1, yd+2, · · · , yn)
{x}: max. indep. set of p, d: the dimension of p

qe, pe ⊂ K(x)[y]: zero-dimensional ideals in K(x)[y] = K[x, y]e

Let

De := K(x)[y, ∂
∂y

], Mqe = De/Deqe, Mpe = De/Depe

consider

HomDe(Mqe ,Mpe) as a vector space over K(x)[y]/pe

m := dimK(x)[y]/p(HomDe(Mqe ,Mpe)): multiplicity of q over p

{ρ1, ρ2, · · · , ρm}: a basis of HomDe(Mqe ,Mpe)

Noetherian operators for local cohomology

NT = {R1, R2, · · · , Rm}: their representatives in D
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positive dimensionall cace

Example

p = (x2x
2
0 − x31, x

2
2x0 − x3x

2
1, x3x0 − x2x1, x

2
3x1 − x32): prime ideal

(W. Vogel, 1984)

pe = (x33xo − x42, x
2
3x1 − x32) ⊂ K(x2, x3)[x0, x1]: zero-dimensional

Let

I = ((x2x
2
0 − x31)

2, (x22x0 − x3x
2
1)

2, (x3x0 − x2x1)
2, x23x1 − x32)

I = q0 ∩ q1 ∩ q2: primary decomposition,
√
q0 = (x0, x1, x2, x3),

√
q1 = (x1, x2, x3),

√
q2 = p

q2 = (x41 − 3x2x1x
2
2 + 2x3x

3
0, x2x

3
1 − 2x3x

2
1x0 + x22x

2
0,

x3x
3
1 − 2x22x1x0 + x2x3x

2
0, x

2
2x

2
1 − 2x2x3x1x0 + x23x

2
0, x

2
3x1 − x32)

qe2 = ((x33x0 − x42)
2, x23x1 − x32) ⊂ K(x2, x3)[x0, x1]
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positive dimensional case

Noetehrian operator NT of q2

From

qe2 = ((x33x0 − x42)
2, x23x1 − x32), p

e = (x33xo − x42, x
2
3x1 − x32),

we have

NT = {1, (− ∂
∂x0

)}

Membership problem for this case

Let h ∈ K[x0, x1, x2, x3]. then
h ∈ q2 if and only if

h ∈ pe and ∂h
∂x0

∈ pe in K(x2, x3)[x0, x1]

Notice that

Groebner basis of q2 consists of 5 elements.
Groebner basis of pe =

√
qe2 consists of 2 elements.
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positive dimensional case

summing-up

p ⊂ K[x, y]: prime ideal,

x = (x1, x2, · · · , xd), y = (yd+1, yd+2, · · · , yn)
{x}: max. indep. set of p,

pe ⊂ K(x)[y]: the extension of p

Hn
pe(K(x)[y]) = lim

k→∞Extn−d
K(x)[y](K(x)[y]/(p

e)k, K(x)[y])

q: p-primary ideal in K[x, y]

qe ⊂ K(x)[y] = K[x, y]e

Let

Hpe = {ψ ∈ Hn
pe(K(x)[y]) | peψ = 0}

Hqe = {ψ ∈ Hn
pe(K(x)[y]) | qeψ = 0}
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positive dimensional case

Let

De := K(x)[y, ∂
∂y

], Mqe = De/Deqe, Mpe = De/Depe

HomDe(Mqe ,Mpe): a vector space over K(x)[y]/pe

m := dimK(x)[y]/p(HomDe(Mqe ,Mpe)): multiplicity of q over p

{ρ1, ρ2, · · · , ρm}: a basis of HomDe(Mqe ,Mpe)

Noetherian operators for local cohomology classes

NT = {R1, R2, · · · , Rm}: their representatives in De

Since HomDe(Mqe ,Mpe)×Hpe → Hqe is surjective

any alement ψ ∈ Hqe can be represented as

ψ =
∑

j Rj(bjδp), bj ∈ K(x)[y]/pe
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positive dimensional case

NT = {R1, R2, · · · , Rm}: representatives in De of the basis

{ρ1, ρ2, · · · , ρm}, over K(x)[y]/pe, of HomDe(Mqe ,Mpe)

Let

{L1, L2, · · · , Lm}: the set of formal adjoints of NT

h ∈ K[x, y]
Then, h ∈ q, iff

Ljh ∈ pe, j = 1, 2, · · · ,m

Let

I ⊂ K[x, y]: ideal
x = (x1, x2, · · · , xd), y = (yd+1, yd+2, · · · , yn)

{x}: max. indep. set of I,
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positive dimensional case

Let

pe: a prime component of
√
Ie ⊂ K(x)[y]

qe: pe-primary component of Ie ⊂ K(x)[y]
(p = pe ∩ K[x, y], q = qe ∩ K[x, y])

Let

MIe = De/DeIe. Then

Proposition

HomDe(MIe ,Mpe) = HomDe(Mqe ,Mpe)
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positive dimensional case

K. Nabeshima and S. T (2023)

Effective algorithm for computing Noetherian operators of

positive dimensional ideals,

Lecture Notes in Computer Science 14139 (2023), 272-291
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positive dimensional case

Primary decomposition via Noether operators

I =
⟨
f21, f2, f3, f4

⟩
⊂ K[x, y, z,w]

f1 = x2z− y3, f2 = xz2 − y2w, f3 = xw− yz, f4 = yw2 − z3

I = q2 ∩ q1,

q2 = (f1, f2, f3, f4): prime ideal

q1 = (y6, yz, z2, w), embedded component (not unique)

(q2)
e = (x2z− y3, x3w− y4) ⊂ K(x, y)[z,w]: prime ideal

[
1

(z− y3

x2 ) (w− y4

x3 )
]: local cohomology class

Assume that

p1 = (
√
q1) = (y, z,w) is given, (uniquely determined)
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positive dimensional case

computation on V(y, z,w) of q1

τk = [
1

(yk) (z− y3

x2 ) (w− y4

x3 )
], k = 1, 2, 3, · · ·

f21τk = f2τk = f3τk = f4τk = 0, k = 1, 2, 3, · · ·

τ1 = [
1

yzw
], τ2 = [

1

y2zw
], τ3 = [

1

y3zw
]

τ4 = [
1

y4zw
] + 1

x2 [
1

yz2w
],

τ5 = [
1

y5zw
] + 1

x2 [
1

y2z2w
] + 1

x3 [
1

yzw2 ]

τ6 = [
1

y6zw
] + 1

x2 [
1

y3z2w
] + 1

x3 [
1

y2zw2 ]

τ7 = [
1

y7zw
] + 1

x2 [
1

y4z2w
] + 1

x3 [
1

y3zw2 ] + 1
x4 [

1

yz3w
]
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positive dimensional case

compute local cohomology σ s.t.

(i) f21σ = f2σ = f3σ = f4σ = 0

(ii) σ /∈ Span{τk, k = 1, 2, 3, · · · }
Result

σ1 = [
1

yz2w
], σ2 = [

1

y2z2w
] + 1

x
[

1

yzw2 ],

σ3 = [
1

y3z2w
] + 1

x
[

1

y2zw2 ]

τ4 = [
1

y4zw
] + 1

x2σ1

τ5 = [
1

y5zw
] + 1

x2σ2

τ6 = [
1

y6zw
] + 1

x2σ3
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(Primary component via Noether operators)

local cohomology classes that define primary componet supported on
V(y, z,w)

τ1 = [
1

yzw
], τ2 = [

1

y2zw
], τ3 = [

1

y3zw
]

τ′4 = [
1

y4zw
], τ′5 = [

1

y5zw
], τ′6 = [

1

y6zw
]

σ1 = [
1

yz2w
], σ2 = [

1

y2z2w
] + 1

x
[

1

yzw2 ],

σ3 = [
1

y3z2w
] + 1

x
[

1

y2zw2 ]
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positive dimensional case

Example (J3,∞) f(x, y) = y3 + x3y2

J = (f, x2y2, 3y2 + 2x3y) ⊂ K[x, y]: Jacobi ideal
J = q1 ∩ q0, q0: embedded component,

Je = qe1 = (y), R0 = 1; Noetherian differential operator of Je

p0 =
√
q0: the associated prime

compute Noether operators of J with respect to p0 = (x, y)

Let

Tk = (− ∂
∂x

)k, k = 0, 1, 2, .....

from x2y2R0T
k = 0, (3y2 + x3y2)R0T

k = 0 mod D(x, y)

we have

J(R0T
k[

1

xy
]) = 0, k = 0, 1, 2, .....
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positive dimensional case

compute differential operators S mod D(x, y) s.t.

(i) S /∈ SpanK{T
k | k = 0, 1, 2, . . . }

(ii) JS ∈ D(x, y)

S1 = (− ∂
∂y

), S2 = (− ∂
∂x

)(− ∂
∂y

), S3 = (− ∂
∂x

)2(− ∂
∂y

),

S4 = (− ∂
∂y

)2 − 1
2
(− ∂

∂x
)3(− ∂

∂y
),

S5 = (− ∂
∂x

)(− ∂
∂y

)2 − 1
2
(− ∂

∂x
)4(− ∂

∂y
)

from these dada, one can compute primary ideal q0
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