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introduction

Aim:
comlex analysis of hypersurfaces with non-isolated singularities
via holonomic D-modules
New
effective method for analizing of the structure of holonomic D-modules
associated to the Bernstein-Sato polynomial of
a hypersurface with non-isolated singularities
Key
The concept of Noetherian differential operators for

local cohomology classes associated to a primary ideal

)
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introduction

Main results of this talk

The concept of Noetherian differential operators

basic ideas
Grothendieck local duality with differential operators
+ extension by max. independent set
byproduct
A new alternative, effective algorithm for computing
classical Noether operators for primary ideals

in the sence of Ehrenpreis-Palamodov
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local duality and differential operators

QF: sheaf on X of holomorphic differential n-forms
X C C™: open nbhd of the origin O € C™
iHFO}(Q;(‘): local cohomology supported at O € X
parfect pairing
res: Ox,0 X J{PO}(QQ) — C

U{FO](O_;(‘): algebric local cohomology supported at O € X
J-CFO](QQ) = Iimk%mExth(Ox/mk,QQ)
m: the maximal ideal at O € X
parfect pairing
res : Ox,0 X Hp(QX) — C
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local duality and differential operators

F=1[f1,f2,...,Tx]: alist, k >n, X C": a nbhd of O
f1,f2,...,fk: holomorphic functions on X
V(F)nX ={0}

Ir C Ox,0, Ir c éx,oi ideals generated by F
Wr ={w € CI{FO}(Q;}) | Irw = 0}

We ={w € H5, (QR) | Trw =0}
non-degenerate pairing (Grothendieck local duality)
res: Ox,0/lf x Wg — C
res : @x,o/ip x Wg — C

Notice that Wg = W and thus Ox o /I = Ox 0/1F
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local duality and differential operators

Grothendieck local duality implies
[r = Anno, o (WF)

Let

{wi,w2,...,wm} a basis, as a vector space over C, of Wr

h € Ox,0: a germ of holomorphic function
then,

h € I, iff

res(h,w;) =0, j=1,2,...,m

These conditions are computable !!
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local duality and differential operators

Let HIF = { € H5,(0x) | T = 0}, then
I ={b-dxAdy | eHp}
Example f(x,y) = x> +y” +xy°, F = [3£, oy

dimc(Ox,0/1IF) =12
A basis of the vector space Hy,;

EIEATRAIRRNR
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local duality and differential operators

Let h(x,y) = i ; hijx'y € Ox0

for wy = [ X}]JZ } dx A\ dy, res(h,wz) =ho 1
for wo = ( ! — 1 ] Jdx A dy, res(h,wo) = hg 5 — +h
9= xy® 3| %3y Y, yWo) = No,5 — 3NM20

Likewise h(x,y) € Iy, iff
hoo=ho1=ho2=hjo=ho3z=h;3=ho3z=h; =0
hos — %hz,o =hi3="hi4—2hoe— 35h21 =0
h],5 — %th — %hoj — %hz,z =0, 12 linear conditions

1 oitih
i—NIG—1Toxtoy’

in terms of differential operators !!

Since hy; = 0 (0,0), the condition can be rewritenn
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local duality and differential operators

Let
Dx: sheaf on X of linear partial differential operators
Ox: a left Dx-module
Ho (Q“): a right Dx-module

For P(x, aX) € Dx, w =Pdx, with P € %{O}(Ox)
wP = (P*)dx, P*: the formal adjoint of P.

Example
1
Xy

ai [ ] [ ] namely w2:w1%,

for wy = dx A\ dy, wy = 1 dx A\ dy , we have
Y, xy?
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local duality and differential operators

for h(x,y) =2 ; hijx'y) € Ox,0

_ 1 _ d 1
ho,1 = res(h, [ X2 ] dx A\ dy) = res(h, (—@) [ Xy ] dx A dy)

1
— oh
= res( 0 [ Xy } dx A dy)
Notice that

% is the formal adjoint of (—%)
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local duality and differential operators

Let
Klx] = K[x1,%2,...,%Xn]: polynomial ring K =Q
p=(x1,X2,...,xn) C K[x]: prime ideal
q: a p-primary ideal

Let H;‘(K[x]) denote the algebraic local cohomology defined by

My (Kbd) = Jim Extgyy (Kix]/p", KIx]).

Let 0, denote the local cohomology class defined by

1 n
5= | oty | € HEOK)
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local duality and differential operators

Let D = K[x, 2]: the Weyl algebra
Lemma HJ (K[x]) = D3,.

The local cohomology group Hy (K[x]) can be generated by 5 as a
D-module:

Let
Hp = { € H}(K[x]) [ p = 0, Vp € pl,
Hy = (b € H}Y(KIX]) | q = 0, Vq € g}
we have

Hp = Spany{,}
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local duality and differential operators

Let
Hq = Spang{b1,¥2, -+ ,bm}, m=dimg(Hg)
P; =Rj0,, RjeD,j=1,2,---,m
L = R;‘: the formal adjoint of R;, j=1,2,---,m

Theorem Let h € K[x]. Then h € q iff
Lihep=(x1,x2,---yXn), j=1,2,---,m
proof
res(h,P;dx) = res(h, (R;0,)dx)
= res(Ljh, d,dx) = (L;h)(0)
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zero-dimensional case

Let
p C K[x] = K[x1,%2,...,Xn]: a zero-dimensonal prime ideal
H (K) = lim Extp, (KIx]/p", Kix])

Let
{p1,P2,---,Pn}: a set of generators of the ideal p

6p — det <a(P1»P2»--->Pn)) |: 1 :| c H;L(K[X])

0(X1,X2y vy Xn) P1P2 - Pn

Hp ={y € Hy (KIx]) | pp =0, Vp € p}
Then,
Hy = {h(x)y, [ h(x) € K[x]/p}
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zero-dimensional case

Let q: a p-primary ideal
Hy = (b € H}(KR) | q =0, Vg € q)
Notice that
Hp, Hg have the structure of a vector space over the field K[x]/p
Lemma
Homy ) (K[x]/p, Hp (K[x])) = H,
Homy [ (K[x]/q, Hp (KIx])) = Hgq
Let D = K[x, aa—x]: the Weyl algebra
HP (K[x]): holonomic D-module

Lemma HJ (K[x]) = D3,
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zero-dimensional case

Now, we introduce two D-modules M, M, as
M, = D/Dp, My = D/Dgq: holonomic D-modules
Consider
Homp (Mg, M,): the set of D-linear homomorphisms between
the two left D-modules
Homp (Mg, M): Noetherian space of Hq
(i) a finite dimensional vector space over K.
(i) a finite dimensional vector space over the fields K[x]/p.
Note
dimy (Hg) = dimy 5y /p (Homp (Mg, My)) - dimy (Hy)
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zero-dimensional case

Proposition
(i) Homp (M, HY (K[x])) = H,
(i) Homp (Mg, Hy (KIx])) = Hgq

From
Homp (Mg, M) x Homp (My, H (K[x])) — Homp (Mg, Hy (K[x]))
we have

Homp (Mg, M;) x Hy — Hg (surjective)

Let
p € Homp(My,M;) and 1 € My = D/Dq. Then the image
p(1) € M, = D/Dp can be represented by

a partial differential operator, say R, in D
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zero-dimensional case

Lemma Let R € D. Then,
R is a representative of an element of Homp (Mg, M, ), iff R satisfies

gR € Dp, Vq € g.

Homp (Mg, M) is computable!!
Let {p1,p2,...,Pm}: a basis, as a vector space over K[x]/p,
of the Noetherian space Homp (M4, M,)
(m = dimg x)/p (Homp (Mg, My)))
R; € D: a representative of p; (j =1,2,...,m).
Since Homp (Mg, M) x Hp, — Hq is surjective
any alement \p € Hy can be represented as

lb:ZjRj(bjé b e K[x /p



zero-dimensional case

Let
L= R;*: the formal adjoint of R;, j=1,2,...,m

Theorem
q C K[x]: a p-primary ideal. Let h € K[x]. Then
heq iffjhep, j=1,2,...,m

{L1,L2, -, Lin} constructed from Homp (Mg, M) completely describes

the multiplicity structure of the primaly ideal g

{L1,La,---,Lix} gives rise to the Noetherian differential operators

in the sence of Ehrenpreis-Palamodov
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zero-dimensional case

Let
I C K[x]; zero-dimensional ideal, /T: radical
I=qiNgz2N---Ngqe: primary decomposition,
px C K[x]: associated prime of q, k=1,2,---,¢
VI=pinp2n---Npe

Let
M = D/DI: holonomic D-module
M,, = D/Dpy, My, =D/Dqy, k=1,2,--- ¢

Proposition
Homp (MI) Mpk) = Homp (qu, Mpk)
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zero-dimensional case

corollary Let R € D. Then,

R is a representative of an element of Homp (Mg, , My, ), iff R satisfies

gR € Dypy, Vg e L.

Homp (Mg, , M;, ) is computable from
(i) a set of generators of the ideal I

(ii) a Groebner basis of the prime component py

S. T. 1997-2002, Grothendieck duality and basic concepts
S. T. 2003-2004, algorithm for computing Noetherian differential operators
S. T. 2004, algorithm for computing Grothendieck local residues
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zero-dimensional case

Implementation and applications

K. Ohara and S.T.
An algorithm for computing Grothendieck local residues |l
Mathematics in Computer Scinece 14 (2020), 483-496

K. Nabeshima and S. T.
Effective algorithms for computing Noetherian representations of
zero-dimensional ideals,
Applicable Algebra in Engineering, Computation and Computing
33 (2022), 867-899
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zero-dimensional case

Example I = ((x? +y?)? +3x%?y —y3,x2 +y? — 1) C Klx,y]
I =qo0MNqq: primary decomposition
go = (x*,y—1), g1 = (4x* =3) =22y + 1), 2y + 1)?)
po = (x,y—1), p1 = (4x*> — 3,2y + 1): associated primes

local cohomology and Noetherian operators

H, —SpanK([ )] )])

1
oo =smanct| 1) |+ ey ]
_ 0

NTq, = {1, (—3x)}: Noetherian differential operators
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zero-dimensional case

Noetherian operators

Hp, C Hq,: Klx,y]/p1-vector spaces

)
1
(4x? — 3)2y—%1)]’

Hp, = Spankx,y1/p, ( [ 4x2 —3)(2y +1) })*
Hay = Spankix,y)/p: ( {

2 |
[m%—a%@+n]+[mﬁ—aayuﬁ )

NTy, =11, (—%) + (—%)ZX}: Noetherian differential operators
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positive dimensional case

q: primary ideal in K[x,y], p := ,/q: the associated prime of g

x = (x1,%2,--*yXa) Yy = (Ya+1,Yd+2, " »Yn)

{x}: max. indep. set of p, d: the dimension of p

q¢,p¢ C K(x)[yl: zero-dimensional ideals in K(x)[y] = K[x, y]€
Let

D¢ = K(x)[y, %], Mge = D¢/D®q¢, Mye = D¢/D¢p®
consider

Hompe(Mge, Mye) as a vector space over K(x)[yl/p®

m = dim (x)[y]/p (Hompe(Mge, Mye)): multiplicity of q over p

{P1,P2,- -, Pm}: a basis of Hompe(Mge, Mye)
Noetherian operators for local cohomology

NT ={Ry,R2,- - ,Rin}: their representatives in D
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positive dimensionall cace

Example
p= (xzx% — x?,x%xo — X3X%,X3Xo xthx%x] — xz) prime ideal
(W. Vogel, 1984)

pe = (xgxo —X‘zl,xgm —X%) C K(x2,x3)[x0,x1]: zero-dimensional

Let
= ((x2x§ —x3)%, (x3x0 — x3x7)%, (x3x0 — X2%1)%,X3X1 — X3)
I =qo Mgy Nqz: primary decomposition,
Vo = (X0, X1,X2,X3), /a1 = (X1,X2,X3), /02 = p
q2 = (x4 — 3xzx1x% + ZX3x(3),x2x? - 2X3X%X0 + x%xg,
X3X1 2x2x1xo + xpgx%,x%x] 2x2X3X1%0 + x3x(2),x§ X7 — x%)
a5 = ((x3x0 —x3)%,%3x1 —x3) C K(x2,%3)[x0,%1]
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positive dimensional case

Noetehrian operator NT of g

From
05 = (x3x0 — x3)%,x3x1 —x3), p¢ = (x3x0 — x3,%3%1 —x3),
we have
d
NT = {1, (—52))

Membership problem for this case
Let h € K[xg,Xx71,X2,%3]. then
h € q; if and onIy if
h € p®and 3= € p® in K(x2,x3)[x0,%1]
Notice that

Groebner basis of g, consists of 5 elements.
Groebner basis of p¢ = | /q§ consists of 2 elements.
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positive dimensional case

summing-up
p C Klx,yl: prime ideal,
x = (x1,X2,"++yXa)y Y = (Ya+1,Yd+2, " Yn)
{x}: max. indep. set of p,

p€ C K(x)[yl: the extension of p

Hpe (KD = Jim Ext G, (KO (%), Kx)Ry))
q: p-primary ideal in K[x,y]
q¢ C K(x)lyl = K[x,yl®

Let
Hpe = {1 € HIL (K(x)[y]) | p€d = 0}

Hge ={b € HZ (K(X)ly]) [ ¢ =0}
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positive dimensional case

Let
D¢ = K(x)[y, %], Mge = D¢/D®%q¢, Mpe = D¢/D¢p®
Hompe(Mge, Mye): a vector space over K(x)[yl/p¢
m = dim (x)y]/p (Hompe (Mge, Mye)): multiplicity of q over p
{P1,P2,- -, Pm}: a basis of Hompe(Mge, Mye)
Noetherian operators for local cohomology classes
NT ={R1,R2,--- ,Rin}: their representatives in D€
Since Hompe (Mge, Mpe) X Hype — Hge is surjective
any alement \p € Hye can be represented as
b =2 ;Rj(bjdy), bj € K(x)lyl/p®
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positive dimensional case

NT ={Rq,R2, -+ ,Ri}: representatives in D€ of the basis

{P1,02, -+, Pm}, over K(x)[yl/p€, of Hompe(Mge, Mpe)
Let

{Ly,Ly,- -+ ,Lin}: the set of formal adjoints of NT
h € Kx, y]
Then, h € q, iff
Lihep® j=1,2,---,m
Let
I € K[x,yl: ideal

x = (x1,%X2,--*,Xa), Yy = (Ya+1,Yd+2, " »Yn)
{x}: max. indep. set of I,
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positive dimensional case

Let
p€: a prime component of NiCk= K(x)y]
q¢: pe-primary component of 1¢ C K(x)[y]
(p =p° N Kk yYl, a=9°NKlx,yl)
Let
Mje = D€/D€I€. Then

Proposition
HOTTLDe (MIe, Mpe) = HOTTLDe (qu, Mpe)
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positive dimensional case

K. Nabeshima and S. T (2023)
Effective algorithm for computing Noetherian operators of

positive dimensional ideals,

Lecture Notes in Computer Science 14139 (2023), 272-291
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positive dimensional case

Primary decomposition via Noether operators
I=(f2 f5,f3,fs) C Klx,y,z,W]
f1 =x?z—y3,f2 =xz% —y?w, f3 = xw —yz, fqg =yw? — 23
I=q.Nq1,
q. = (f1,f2,f3,f4): prime ideal
0. = (y®,yz, 22, w), embedded component (not unique)
2z —y3,x3w —y*) C K(x,y)[z,w]: prime ideal

1
L) oy

x2 x3

(42)¢ = (x
]: local cohomology class

Assume that
p1 = (V1) = (y,z,w) is given, (uniquely determined)
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positive dimensional case

computation on V(y,z,w) of q;
1

T = 3 s ], k=1,2,3,---
TN - %) (w- Y

f%’tk Zfz’tk :f3Tk :f4Tk :0, k= ],2,3,---

T :[yzw]’Tzz[yzzw]’T3:[y o |
T4 :[ ] +i ]
yrzw | X2 yzZw

P L

=1 ylzw I+l y?z?w ol yzw? ]
1 L L

T6 = [ y6zw I+ 2 y322w ly2m2

o Lo L L
=1 y’zw I+l ytz?w I+ yizw? I+l yz3w )
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positive dimensional case

compute local cohomology o s.t.
(i) f2o="f0="f30="F40=0
(”) o & Span{ty,k=1,2,3,---}

Result
_ 1 _ 1 1 1
o1 = yz2w ly o2 =1 y222w 1+ 21 yzw? 1,
_ 1 1 1
03 = y3zzw 1+ ;[ yzzwz ]
1
T4:[y4zw ]+ Lo
_ 1 1
T5 = [ ySZW 1+ %202
1
o= ¢ 1+%503
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(Primary component via Noether operators)

local cohomology classes that define primary componet supported on
Viy,z,w)

=l L=l L=l ]

1= yzw 2= yZzw 3= yi3zw
1 1 1

!/ !/ /

T4_[y4zw]’T5_[y52w]’T6_[y62w]

- [ 1 ] o [ 1 1 1

1= yZZW) 2= yZZZW x yZWZ)
1 1

03 = 1[ 2]
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positive dimensional case

Example (J3,00) f(x,y) =y +x>y?
J = (f,x?y?,3y? + 2x3y) C K[x,y]: Jacobi ideal
] =q1 Nqo, qo: embedded component,
J¢ =q§ = (y), Ro = T1; Noetherian differential operator of J¢
po = /qo: the associated prime

compute Noether operators of | with respect to po = (x,y)
Let

T* = (—2)% k=0,1,2,.....

from x2y?RoT* =0, (3y? +x3y?)ReT¥ = 0 mod D(x,y)

we have

1
J(RoT[ xy )=0,k=0,1,2,.....
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positive dimensional case

compute differential operators S mod D(x,y) s.t.
(i) S ¢ Spani{T*|k=0,1,2,...}
(i) JS € D(x,y)

$1= (=), S2=(—Z %), S3 = (—F ),
S1=(5y) = 350 gy,
S5 = (—gx) (—ay)? — 2 —5)* (=)

from these dada, one can compute primary ideal qg
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