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INTRODUCTION TO GROBNER BASES

TAKAYUKI HIBI AND HIDEFUMI OHSUGI

Let S = K|xq,...,1,]| denote the polynomial ring in n variables over a field K
with degx; =1 fori=1,2,...,n, and let

Mon(S) = {z{'zy> - 2% 1 a; € Z1,i =1,2,...,n},

n

be the set of monomials of S, where Z, is the set of nonnegative integers. In

particular 1 € Mon(S). For monomials x* = 2{'23> - -2% and x® = 2025 ... zb»
of S, we say that xP divides x2 if b; < a; for i = 1,2,...,n. We write xP |X if xP

divides x®. Let M be a nonempty subset of Mon(S). A monomial x* € M is said
to be a minimal element of M with respect to divisibility if whenever x? | x® with
xP € M, then xP = x®. Let M™" denote the set of minimal elements of M.

Theorem 1 (DICKSON’S LEMMA). Let M be a nonempty subset of Mon(S). Then
M™™ s a finite set.

Proof. We prove Dickson’s lemma by using induction on n, the number of variables
of S = Kl[z1,79,...,7,]. Let n = 1. If d is the smallest integer for which z¢ € M,
then M™in = f24} Thus M™® is a finite set.

Let n > 2 and B = K[x| = K|z, %2,...,2,—1]. We use the notation y instead
of z,. Thus S = Klzy,xs,...,2,_1,y]. Let M be a nonempty subset of Mon(S).
Write N for the subset of Mon(B) which consists of those monomials x®, where
a € Z"', such that x*y® € M for some b > 0. Our induction hypothesis says that
N™n i a finite set. Let N™" = {wu;, uy,...,u;}. By the definition of A, for each
1 < i < s, there is b; > 0 with w;y% € M. Let b = max{by, bs,...,b,}. Now, for
each 0 < & < b, define the subset MV; of N to be

={x* e N : x** ¢ M}.
Again, our induction hypothesis says that, for each 0 < & < b, the set N

"N g finite.

Let /\/’5min = {ugg), uég), cee ugi)} We now show that each monomial belonging to
M is divisible by one of the monomials which appear in the following list:

ulybla u2yb27 e 7usybsa
u§°), ugo), e ,ugg),
1 1
uVy, uMy, . uDy,
b—1 _ b—1 _ _ _
uf ™y g Ty Dy
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2 TAKAYUKI HIBI AND HIDEFUMI OHSUGI

In fact, since, for each monomial w = x?y? € M with x* € Mon(B), one has
x® € N, it follows that if v > b, then w is divisible by one of the monomials
ury®t, uay®?, ... ugybe, and that if 0 < v < b, then w is divisible by one of the
monomials u@y”, uy)gﬂ, . ugz)y”’. Clearly, the monomials listed above are in M.
Hence M™" is a subset of the set of monomials listed above. Thus M™?" is finite,

as desired. O

A monomial order on S is a total order < on Mon(S) such that

e 1 <uforall 1 #ue& Mon(S);
e if u,v € Mon(S) and u < v, then uw < vw for all w € Mon(S).

Example 2. (a) Let a = (ay, as, . ..,a,) and b = (by, b, ..., b,) be vectors belonging
to Z". We define the total order <je on Mon(S) by setting x* <jex X if either (i)
Sorai < S0 b, or (i) Yo a; = > b; and the left-most nonzero component
of the vector a — b is negative. It follows that <), is a monomial order on S, which
is called the lexicographic order on S induced by the ordering zy > zo > -+ > x,,.
(b) Let a = (a1, as,...,a,) and b = (b, ba, ..., by) be vectors belonging to Z". We
define the total order <, on Mon(S) by setting x* <,e, x® if either (i) >0, a; <
S b, or (i) Y7 a; = > b; and the right-most nonzero component of the
vector a—b is positive. It follows that <,., is a monomial order on S, which is called
the reverse lexicographic order on S induced by the ordering z; > x9 > --- > x,,.

For example, 2903 <jex 124 and 2124 <pey 223 in K[xq, 29, 3, £4]. Among the
monomials of degree 2 of K|z, x5, x3], one has

2 2 2
T3 <lex T2T3 <lex Tg <lex LT1T3 <lex T1T2 <lex T]
and
2 2 2
1'3 <rev T3 <rev X123 <rev 1'2 <rev T1T2 <rev ZL‘I.

Exercise 3. List the 10 monomials of degree 3 of K|z, x5, 3] with respect to each
of <jox and <,ey.

Lemma 4. Let < be a monomial order on S. Let u,v € Mon(S) with uw # v and
suppose that u divides v. Then u < v.

Proof. Write v = ww with w € Mon(S). Since w # 1, one has 1 < w. Thus
1-u < w-u. Hence u < v, as desired. O

We will work with a fixed monomial order < on S. Let f = - \1,,(s) auu be a
nonzero polynomial of S with each a, € K. The support of f is the finite set

supp(f) = {u € Mon(S) : a, # 0}.

The initial monomial of f with respect to < is the biggest monomial with respect
to < among the monomials belonging to supp(f).
Recall that an ideal of S is a nonempty subset I of S such that
o if fgel, then fEgel;
eif fecland he S, then fhel.
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Given a subset {fy}rea of S, we write ({fr}xea) for the set of polynomials of the
form »° .\ hafa, where {A € A : hy # 0} is finite. Then ({fi}rea) is an ideal
of S, which is called the ideal of S generated by {f\}rxea- When A is finite, say,
A ={1,2,...,s}, we write (f1, f2,..., fs) instead of ({f1, f2,..., fs}). Conversely,
given an ideal I of S, there exists a subset ({fx}xea) of S with I = ({fi}rea). We call
{/x}ren a system of generators of I. We say that an ideal I of S is finitely generated
if I possesses a system of generators consisting of a finite number of polynomials.
Later, we will see that every ideal of S is finitely generated (Corollary 9).

A monomial ideal is an ideal which is generated by a set of monomials. Let I C S
be a monomial ideal. It follows that I is generated by a subset N” C Mon(S) if and
only if (I N Mon(S))™® C N. Hence (I N Mon(S))™" is a unique minimal system
of monomial generators of I. Dickson’s lemma guarantees that (I N Mon(S))™® is
finite. Thus in particular every monomial ideal is finitely generated.

Let I be a nonzero ideal of S. The initial ideal of I with respect to < is the
monomial ideal of S which is generated by {in.(f) : 0# f € I'}. We write in.(I)
for the initial ideal of I. Thus

inc(f) = ({inc(f) : 0# f € 1}).
Since (in.(I) N Mon(S))™™ is a minimal system of monomial generators of in_(I),
and since in. (1) N Mon(S) = ({in<(f) : 0 # f € I}), there exists a finite number
of nonzero polynomials g1, ¢s, . . ., gs belonging to I such that in.(7) is generated by
the set {in.(g1),in<(g2),-..,inc(gs)} of their initial monomials.

Definition 5. Let I be a nonzero ideal of S. A finite set {g1, g2, ..., gs} of nonzero
polynomials with each g; € I is said to be a Grébner basis of I with respect to < if
the initial ideal in.(I) of I is generated by the set {in(g1),in<(g2),...,in<(gs)} of
their initial monomials.

A Grobner basis of I with respect to < exists. If G is a Grobner basis of I with
respect to <, then every finite set G’ with G € G’ C I is also a Grébner basis of
I with respect to <. If G = {g1,...,9s} is a Grobner basis of I with respect to <
and if fi,..., fs are nonzero polynomials belonging to I with each in.(f;) = in(g;),
then {fi,..., fs} is also a Grdbner basis of I with respect to <.

Example 6. Let S = K[z1,2s,...,27] and I = (f, g), where f = x4 — x923 and
g = T4x7 — x5T¢. Let <jex the lexicographic order on S induced by x1 > 29 > --- >
x7. One has ing_ (f) = =124 and inc_(g) = z4x7. We claim that {f, g} is not a
Grobner basis of I with respect to <jex. In fact, the polynomial h = x7f — 219 =
T1T5%T6 — Tox3ry belongs to I, but its initial monomial in., (h) = x1x526 can be
divided by neither in., (f) nor in._(g). Hence in., (h) & (in, (f),inc,(9)).
Thus in.,_ () # (inc, (f),inc, (g)). In other words, {f, ¢} is not a Grobner basis
of I with respect to <jex. Later, we will show that {f, g, h} is a Grobner basis of T
with respect to <jex (Example 16).

Lemma 7. Let < be a monomial order on S = Klxy,...,x,]. Then, for any
monomial w of S, there is no infinite descending sequence of the form

(1) U=1Uy> U > Uy > -+ .
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Proof. Suppose, on the contrary, that one has an infinite descending sequence (1) and
write M for the set of monomials {ug, u1, us,...}. It follows from Dickson’s lemma

that M™® is a finite set, say M™% = {u;  wy, ..., u;, } with iy < dp < -++ < i
Then the monomial u;, 1, is divided by u;, for some 1 < j <'s. Thus by Lemma 4
one has wu;; < u;, 1, which contradicts i; <, + 1. O
Theorem 8. Let I be a nonzero ideal of S = K|x1,...,x,] and G = {g1,...,9s} a
Grébner basis of I with respect to a monomial order < on S. Then I = (g1, ..., gs).

In other words, every Grobner basis of I is a system of generators of I.

Proof. (Gordan) Let 0 # f € I. Since in.(f) € in.(I) and since G is a Grébner
basis of I, i.e., in.(I) = (inc(g1),...,inc(gs)), it follows that there is g;, such
that in.(g;,) divides in.(f). Let in.(f) = wpinc(g;,) with wy € Mon(S). Let
ho = f — ci’olcgwogio, where ¢, is the coefficient of in.(f) in f and where ¢;, is the
coefficient of in(g;,) in g;,. Then hy € I. Since in(wpg;,) = wpin(g;,) it follows
that inc(hg) <inc(f). If hg =0, then f € (g1,...,9s)-

Let hy # 0. Then the same technique as we used for f can be applied for hy. Thus
hiy = f — ci’llclwlgil — ci’olcowogio, where ¢ is the coefficient of in.(hg) in hy and
where ¢;, is the coefficient of in.(g;,) in ¢;,. Then hy € I and in.(hy) < inc(hg). If
hy =0, then f € (g1,...,9s)-

If hy # 0, then we proceed as before. Lemma 7 guarantees that this procedure

must terminate. Thus we obtain an expression of the form f = ij:o G, 1cqwqgiq. In
particular, f belongs to (g1, g2, -..,9s). Thus I = (g1, go,...,9s), as desired. O

Corollary 9 (HILBERT BASIS THEOREM). Fvery ideal of the polynomial ring S =
Klzq,...,x,] is finitely generated.

It is natural to ask if the converse of Theorem 8 is true or false. That is to say, if
I={(f1, f2 ..., fs)isanideal of S = K[x1,...,z,], then does there exist a monomial
order < on S such that {fi, f2,..., fs} is a Grobner basis of I with respect to < ?

Example 10 ([4]). Let S = K[z, 29,...,%10] and I the ideal of S generated by

J1 = T138 — T2, f2 = Taxg — 1377, f3 = T3T10 — T4,
f1= 2476 — T5T0, [5 = x5x7 — 21210,
We claim that there exists no monomial order < on S such that {fi,..., fs} is a

Grobner basis of I with respect to <.
Suppose, on the contrary, that there exists a monomial order < on S such that
G ={fi,...,fs} is a Grobner basis of I with respect to <. First, note that each of
the five polynomials
T1X8T9 — T3TLeL7, T2X9X10 — T4T7Xg, TaXeT1o — T5T7Tg,

T3Tel10 — T5X8L9, T1T9X10 — Talel7
belongs to I. Let, say, xixsrg > x3xery. Since xyrgrg € in.(I), there is g € G
such that in.(g) divides z23x9. Such g € G must be f;. Hence xyxg > x9x¢. Thus
xowe & in(I). Hence there exists no g € G such that in.(g) divides zyx6219. Hence
ToTeX1g < Tsx7rg. Thus xsr; > x1210. Continuing these arguments, we obtain

T1TgT9 > T3TX7, TaX9T10 > T4T7T8, T2TeX10 < TsT7X8,
T3TeT1g > TsTyTg, T1T9T1g < TaTel7



INTRODUCTION TO GROBNER BASES 5

and
T1Tg > TaXe, ToZy > T3T7, T3Tip > T4Tg,
T4Te > TsTg, TsT7 > T1T10-
Hence
(2) (1‘1!1,’8)(1‘2!1)9)(1‘31‘10)(1‘4$6)(1‘5$7) > ($2I6)(I3$7)(1‘4LE8)(1‘51‘9)($11‘10).
The opposite relation in (2) occurs in case of x1x329 < x37627. However, both sides
of the inequality (2) coincide with z1x5 - - - 1.

In high school mathematics, we learn that, given polynomials f and g # 0 in one
variable x, there exist unique polynomials ¢ and r such that f = gg+r, where either
r =0 or degr < degg. The division algorithm generalizes this well-known result.

Theorem 11 (DIVISION ALGORITHM). Let S = Klx1,...,x,] denote the polyno-
mial ring in n variables over a field K and fix a monomial order < on S. Let
91,92, - - -, gs be nonzero polynomials of S. Then, given a polynomial 0 #= f € S,
there exist polynomials fi, fo,..., fs and " of S with

(3) f=ho+ fag2+ -+ fogs + '
such that the following conditions are satisfied:

(i) if f' # 0 and if u € supp(f'), then none of inc(g1),...,inc(gs) divides u,

i.e., no u € supp(f’) belongs to (in<(g1),...,in<(gs));
(ii) if f; #0, then
inc (figi) < in<(f).

The right hand side of equation (3) is said to be a standard expression for f with
respect to gi, ga, . . ., gs, and the polynomial [’ is called a remainder of f with respect

t0 g1, 92, - -, gs-
Instead of giving a detailed proof of Theorem 11, we discuss a typical example

which clearly explains the procedure to obtain a standard expression.

Example 12. Let <j denote the lexicographic order on S = K|z, y, z] induced by
x>y>z Let gy =2 —2,gp =2y —1and f =23 — 2%y — 22 — 1. Each of
f=a" -2’y -2 —1=a(g+2) -2’y -2 -1
25691—x2y—x2+xz—1:xgl—(91+z)y—x2+xz—1
=29 —yg — 2 +xz—yz—1=xg —yg — (g1 +2) +axz —yz—1
=@@—-—y—1g+ (rz—yz—2—1)
and
f= 2Py -2 —l=a(g +2)—2’y—2"—1
=xg -’y — 2’ +az—1l=xg —x(gp+1) -2’ +zz—1
=g —xg — '+ —r—1=2g9 —2gs — (g1 +2) + 22 —1—1
=(x—1)g —xga+ (r2—1—2—1)

is a standard expression of f with respect to g; and ¢», and each of xz —yz — 2 —1
and zz —x — z — 1 is a remainder of f.
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Example 12 says that a remainder of a nonzero polynomial may not be unique.
However, we have the following fact.

Lemma 13. If G = {g1,...,9s} is a Grébner basis of I = (q1,-..,9s), then for
any nonzero polynomial f of S, there is a unique remainder of f with respect to

gla"'agS'

Proof. Suppose there exist remainders f' and f” with respect to g¢i,...,gs with
f'# f". Since 0 # f' — f" € I, the initial monomial w = in_(f" — f”) must
belong to in. (7). However, since w € supp(f’) U supp(f”), none of the monomials
inc(g1),...,inc(gs) divides w. Hence in.(I) # (in<(g1),...,in<(gs))- O

Given nonzero polynomials f and g of S, the notation lem(in.(f),in(g)) stands
for the least common multiple of in.(f) and in.(g). Let ¢; denote the coefficient of
in.(f) in f and ¢, the coefficient of in.(g) in g. The polynomial

S(f, g) — lcm(in<‘(f), in< (g)) f . 1CII1(iIl<‘(f), in< (g))g
crine(f) cginc(g)
is called the S-polynomial of f and g.
We say that f has remainder 0 with respect to gi,¢s,...,gs if, in the division
algorithm, there is a standard expression (3) of f with respect to g1, 92, ..., gs with

f'=0.
Lemma 14. Let f and g be nonzero polynomials and suppose that in.(f) andin.(g)

are relatively prime, i.e., lem(in.(f),inc(g)) = inc(f)inc(g). Then S(f,g) has
remainder 0 with respect to f,g.

Proof. To simplify notation we will assume that each of the coefficients of in_(f) in
f and in.(g) in ¢ is equal to 1. Let f = in.(f) + f1 and ¢ = in.(g) + ¢g;. Since
in.(f) and in.(g) are relatively prime, it follows that
S(f.g) =inc(g)f —in<(f)g
=g—g)f—(f—F)g
= hg—olf.
We claim (in<(fi)in<(g9) =)in<(fig) # in<(g1f) (= inc(g1)inc(f)). In fact, if

inc(f1)inc(g) = inc(g1) in<(f), then, since in.(f) and in.(g) are relatively prime,
it follows that in (f) must divide in(f;). However, since in.(f1) < in<(f), this is

impossible. Let, say, in.(f1)inc(g) < inc(g1)inc(f). Then in(S(f,g)) = in<(g1f)
and S(f,g) = fig — g1f turns out to be a standard expression of S(f, g) in terms of
f and g. Hence S(f,g) has remainder 0 with respect to f and g, and similarly for

inc(g1) inc(f) <inc(f1)in<(g). O

We now come to the most fundamental theorem in the theory of Grobner bases.

Theorem 15 (BUCHBERGER CRITERION). Let I be a nonzero ideal of S and G =
{91,92,---,9s} a system of generators of I. Then G is a Grébner basis of I if and
only if the following condition is satisfied:

(%) For alli # j, S(gi,g;) has remainder 0 with respect to g1, ..., gs.
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We refer the reader to a standard textbook on Grobner bases, e.g., [1], [2] and
[3] for a proof of the Buchberger criterion. However, for a (general) Grobner basis
“user,” it may not be required to understand a detailed proof of the Buchberger
criterion.

In Example 6, by using Lemma 14 together with the Buchberger criterion, it
follows immediately that the set {f, g} is a Grobner basis of I = (f, g) with respect
to the reverse lexicographic order <, induced by xy >z > --- > x7.

The Buchberger criterion supplies an algorithm to compute a Grobner basis start-
ing from a system of generators of an ideal.

Let {g1, go, - - -, gs} be a system of generators of a nonzero ideal I of S and suppose
that {g1,99,...,9s} is not a Grébner basis of I. The Buchberger criterion then
guarantees that there is an S-polynomial S(g;, g;) such that no remainder of S(g;, g;)

with respect to g1, g2, . .., g5 is 0. Let h;; € I be a remainder of a standard expression
of S(gi,g;) with respect to g1, ¢92,...,9s. Then in.(h;;) can be divided by none of
the monomials in.(g1),in<(gz2),...,in<(gs). In other words, the inclusion

(in< (gl)a in< (92)7 ey in< (gs)) C (in< (gl)a in< (92)7 teey in< (gs)a in< (hlj))
is strict. With setting g1 = h;j, suppose that {g1, ga, - . ., gs, gs+1} is not a Grébner
basis of I. Again, by using the Buchberger criterion, there is a S-polynomial S(gx, g¢)
such that no remainder of S (g, g¢) with respect to g1, g2, - - -, gs, gs1115 0. Let hyp € T
be a remainder of S(gy, g¢) with respect to g1, 9, ..., gs, gs+1- Then the inclusion

(in< (gl)a in< (92)7 R in< (gs)v in< (gs-l-l))
C (inc(g1),in<(g2), - - -, inc(gs), inc(gsr1), inc (Pre))-

is strict. By virtue of Dickson’s lemma, these procedures must terminate after a
finite number of steps, and a Grobner basis of I can be obtained.

The above algorithm to find a Grobner basis starting from a system of generators
of an ideal is said to be the Buchberger algorithm.

Example 16. We continue Example 6. Let S = K[z, 2,...,77] and <je, the
lexicographic order on S induced by z; > x5 > -+ > x7. Let f = x124 — 2973
and g = x4x7 — w526. Thus ine(f) = 124 and in._(g) = z4x7. Let I = (f,9).
Then {f, g} is not a Grobner basis of I with respect to <jex. Now, as a remainder
of S(f,9) = x7f —x19 = 112506 — X237 With respect to f and g, we choose S(f, g)
itself. Let h = x12526 — xox327 with ine_ (h) = z12526. Then in._(g) and in.__(h)
are relatively prime. On the other hand, S(f, h) = zox3(z427 — x526) has remainder
0 with respect to f, g, h. It follows from the Buchberger criterion that {f, g, h} is a
Grobner basis of I with respect to <jey.

The following theorem is called Elimination Theorem and plays an important role
when solving a system of equations.

Theorem 17. Let S" = K|x;,,...,x;, ] be the subring of S = K|x1,...,x,] where
1<y < -+ <y <nand let < a monomial order on S (and S'). Let G denote a
Grobner basis of a nonzero ideal I of S with respect ot <. If < satisfies the condition

(1) g€G, inc(g)es = ged
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then GN S" is a Gribner basis of I NS" with respect to <.

Proof. Let u be a monomial belonging to in.(INS"). Then there exists a polynomial
(0#) f € INS such that in.(f) = u. Since f € I, the initial monomial u belongs
to in. (7). Hence there exists g € G such that in.(g) devides u. Then in.(g) belongs
to S’. Thanks to the condition (£), we have g € S” and hence ¢ € GNS". Thus
in. (I NS’ is generated by {inc(g) : g € GNS'} as desired. O

Example 18. Let a = (ay,a9,...,a,) and b = (by, bs, ..., b,) be vectors belonging
to Z". We define the total order < on Mon(S) by setting x* <jjex xP if the
left-most nonzero component of the vector a — b is negative. It follows that <;jex is
a monomial order on S, which is called the purely lexicographic order on S induced
by the ordering ©; > 29 > -+ > x,. If 8" = K|xy, Timy1,- .., Ty is a subring of
S = K|z, ...,x,], then the condition (f) in Theorem 17 holds for a Grobner basis
G of an arbitrary ideal I of S with respect to <pjex.

Let fi,..., fs,01,---,9: € S. It is easy to see that, if (f1,...,fs) = (g1,-.-,9)

holds, then the set of solutions of f; =--- = f;, = 0 equals to that of g; =--- = ¢, =
0. Thus, one can eliminate the variables zy,...,x,,_1 from f; = --- = f;, = 0 by
computing a system of generators of I N K[z, Tmi1,---,2Zy|. Thanks to Theorem 8,

we can apply Elimination Theorem to eliminate variables from a system of equations.

Example 19 ([3]). Let fi = 2 +y+2—1, fo=x+y?’+2—1and fs =z +y+2°—1
and consider the system of equations f; = fo = f3 = 0. Let I = (fi, fo, f3). Then
{x+y+22 =192 —y—22+2,2y2% + 2 — 22,25 — 42" + 423 — 22} is a Grobner
basis of I with respect to <pjex induced by x > y > z. Thus, thanks to Theorem 17,

INClz] = (25 —42"+42° - 2?)
INCly, 2] = (y2—y—22+2,2y22+z4—22,z6—4z4+4z3—z2)
Note that 26 —42* + 423 — 22 = 22(2 — 1)%(2? + 22 — 1).
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5 (256MB ﬁﬁﬁ) (Mac @%%1&3@\7‘)7 *>;j\:ﬁ7 7}'”’@‘) T;tﬁj +Ib
2EEHICT B.
o BHRBICATVEREETES. _ S
VMware Player->bk > IV a—F 4% (Mac D5 O LT 1 1/7_': Y %;:Eﬁj_t’bgldamj-%'_
gﬂi/*g?:/\/—hﬁgi) POTETCES. Mac DIBE, —ET 7+ IV FOREZHRLTH S, #i
N oA -4 e RITHB T +IVEEBINT 3.
EUDSATZAIC &l EEE (AN
FEVDEAINIESBBEI BEATT OV TV EERET FVHIHEELTH S, BiiE
0 BTIF,KAZa—->0977F shared_folder |[CEET 3.
RTERIC 7871 c . .
KRTERICHZ 447 07IIEHIC Enter EANT S 0 F25 Ly FFAAVDES
M) ZERE, BEBITEKT S TEDNFH5 Mount Shared Folder #R{T
= VMware Player -> F S5V a—F714>5 >N\ 4kl /mnt/hgfs/shared_folder T&H 5. ¥ TIbH
T—#7 LTKRT. ZO%RSH TEE T hIE OK. 5772 RTRBEETDIREERNS.

5, 8 RIEI YDAV b=V a5, 8 R VDAV b=V




71> 5O PS 7U ¥ 5088)

@ suspend @ ¥ ->Confugure->Configure Printer %317
RETI V4V FoEXTHLS S, BEDRES Q BN->TU>%/95ZA%EBMN
+—7 LT suspend REEL 15 3. Q Ny IV NERTYE— b LPD +1—%5%IR
CORET, RAMI Y VEY vy MOV THTED O LPD 21— 1§ TT UV RKR N, F21—2%EAS
TE3. EBRA T2 1 Bi% 4 REhROD XEROX DCII-C4300
R¥E< 7 j.,bﬁ‘lj\“: —BEED<T—Y DDOWNET ARA b :p-418.math.kobe-u.ac.jp F 11— : PS_DUP
AaAVHRZA. Q 7R IEREIRT Postscript 7'V > 2 %&3&IR

Q TVVATRM>ERE

¢ resume N Page Size: A4 Double-Sided Printing: Long Edge
suspend :l*ia\-(, -(°, vmx 7 7 4)1/%9 7”/7 ) 73- Miscellaneous->GhostScript pre-filtering : Convert
% &, resume 9 5. to PS level2

o RAEITIVDE, O — @ —FHTRINEDIF B

p-418 & LTHK.

RV T AIVA T ETEE), OE—TES. .
HElE&Y,1pr -Pp-418 ... TT7 7 IVHEIRITE 3.

a2, &H RER YDAV A b—)b Ha, &H RER YDAV A =)L

57 10 17T B YRR

BEVI L7 DI=aTIV, BEEIZWV L DHDIFFRIC o HE (B NEE

FELTVS. ERETEIVYY > TRI by TERE
DOTES. Fv 5725 LOERI
/cdrom/KNOPPIX/background. jpg

e USB * T DfEA

@ /usr/share/doc

BLONELNEINET ALY Y

@ /usr/local/Math-ja @ USB A EUEET
BAXEXENHS. SATOTHERES, Ma6 LV EBAT OK
knoppix-math B5 U V7 EN TS, Q USB XEUDFAIAVHTRY by FIcENS
224 ky T 70y 7 FnidE<

e TR v 7 @D Math-Doc-Search ) ) © BEAHTICTE
'_VIath'Doc'SearCh ZiEE L, Query lcF—T— F (BF 74 2% 1) v T Change read/write mode
38 OK) ZUNTH—F9 2. Q MUNTHIF VIV b

= KEQLOEBRITRLATEILHTES. Windows IS BEICIE, LHOF/SA A=~

al=Y7) ] R g N

Fa, ZH REIY YDAV A M=V Fa, ZH RERY YDAV A =L

Macaulay2 Mgl Macaulay2 : \JL 7 Z Dfth

@ x A= 1—, ¥fcl¥ KNOPPIX-Math-Start H* 52 o NIV, RZaTIb
T3. OV R viewHelp 2R1TT 5 &, TS VHHEET
Konsole HcEl L, Z DT Macaulay2 HEE1 9 5. %. AL,
(emacs) %3&.5 & emacs D/\v 7 7 AT Macaulay?2 Macaulay 2 -> getting started -> a first Macaulay
HEEN T . getting started THREINTLSEWNEA REEE LMD THB T EEHEHTS.
TH5. B4 DA KR, index BSANBZ EHTES.
o IHHRTI I 1 L —% (Konsole %z &) hSHCENT 5. o 77/ bdO—F
BATCUBEERIZIaL—42DY )bh5aX Z740bDA— Fl& load, /Ny r—o 00— Rl
VM2 ZRITIBRE, ZTDHAKRIZI 21 L—2KNT loadPackage TIT5.
Macaulay2 H\2Eid 5.

5, 8 RIEI YDAV b=V a5, 8 R VDAV b=V




nsir ORBIT %

e x A= 1—, £fzl¥ KNOPPIX-Math-Start h* 5 #2E} e NIV, RZ=aT IV
d3. AV IE help("function™) THlIF%. =27 )bI&
(openxm) DA EENTNIE, BLDSA TSV T 7 A F A% kv 7D Math-Doc-Search T38| < H, helph()
IV BEIRICERHP T A TEENT 5. ARV RFTIZ0HEIB EFTHTMLEERD< =2
0 KT I 1 L—AahDiEET 3. T7IVERZDHIEFTHS.
Asir BETIZ O Y F 51 UREREERTEVLDT, o 774 IbO—F
openxm fep asir X179 5. 7741 load IT&K V1T, IRIFZEN ASIRLOADPATH

THREINT« LY FUZEIBICET. COfEl, T
JUHS openxm env ZR{TTBERBTEHTES.

a2, &H RER YDAV A b—)b

Ha, &H RER YDAV A =)L



0000 Emacs

00 0000000 /JST CRESTO

0o021090 140

1 0O

KNOPPIX/Math 000D O00DDO0D0O0OODOOOODOODOODOODOOODOOODOOODOODOODO
gogobboooobbooobbgoobboobbooobbooobboobobbooobobbooobDboD
UNIXOOOOOOOOODOOODOOOOO EmacsO viOOODOOO (Editor) DO0OO0OO0O0OOODOOO
0000000000000 000ooo00ooouonD Emacs 0000000000000

oboboooooooooobooboboboooooboobooooboobobobobboooooooDoDbo
0000000000000 0O0000000DO0D0O000D0O00ODO0O0DO 0000 (Buffer) 000D
gooboboboooooooobobobobooobooooboobobobo

000 WebOOOOOOOODOOODOOOOOOOOODODODDODOODODODODODmMOODOODODOODOOOO Web
gobooboboboooooooooobgobobobooooooooobobobobobobooooo
gooboboobooobooboboooboooboboboobooboobob bbb oooobDobooo
gobooboooboobooobooboobboobuoobboobobooboo

oboboooooooooobooboboboobooobooooooboobobobobooooooooDo
00D00000000oDoO0o0obDoO0ooDoOooD 2000 {0,1}0000DDOO0OODOOO

gboboooooooooobogoboboboooouoboobogoobobobobobboooooboooDoDbo
goobooboboboooooooobooboboboooboboooobDobDobobobobobobooo
gooooobooboboooboobboobobooboobDboobuoobbooboobboboboobo
gooboobobobooooooooooboboboboooboboooobDoboboboboboboooo
goooboooboobobooboobbooboobbooboobboobbobbooboo

goboobooooooobooboboboooooooboboboboboboooooDobDOobUobo
0000000000000 00Emacs 000000 GNU Emacs JO0O00O0D0OO0OO0OOOOOOODO
000000000 (Free Software) 00000000 Richard Stallman 000000 0O FSF(Free
Software Fundation) 0 00 0000000000000 0000O00O00OU0OO0OODOOOOOEmacs O
000000000000 D0000Lsp000D000D00ODO0OOOO0ODO0ODOODOOODOODOOOn
ooboOooooOoOoooDl1o0oooO0ooooOoooboooOooooOoooDooo




2 GNU Emacs
21 OO00OO0OOOO

000000 Emacs D00 O00O0O0OD0OO0OOOOOOO0O0ODODOOOOOOOODOOOO EmacsOO0OO
cooboooooooooboooooOoocooobooooon

Emacs 0000000000000 O0O0O0MMO The UNIX Super Text[0 OO0 12000 190000
O00000000000000000000000000000000000000 80 86000000
oobobobooobooooooooooon

00 KNOPPIX/Math O 00000000000 ODO0D0O0OOO0ODO0ODOOODOOOOODOOODOO

-
DDDIZIDDDIZIDDDDDSDDEIDDEIDDDDDDDDDDDDDDDDDDDDDDDDDDDD
oooboooobooooobooooboo

ooooooooood

[knoppix@Knoppix 78 ]

000000000 knoppix@Knoppix:~"$ 0000 00000 (prompt) 000000000 ~OD0OO0ODO
0000000000000000000000 (Home Directory) 0000000000 0O0OOOODOODO
oobobobooobooooooooooooobooooobooooobooOooo

00000000000 o0oooooo0o0oo0oooooo0000oOWindowsOOODOQOQOOooO
ooboboboooooooooOocOooObcOooboOo0oO0obOOO0O000O00n mkdird oo

[knoppix@Knoppix :7$ mkdir tutorial )

O000 mkdir 0000000000000 000O0O0O00O0O0O0OO tutoriald ODO0O00O0OOOO0OO
U000 mkdir 0 O00O0OO0OOODOODOODODODOOCOOOOODOODODODODODOOOODOOO
tutorial 00000 0000000000000 O00O0OO " /tutorial 00000 EmacsOO0OODOOO

knoppix@Knoppix:~$ cd tutorial

knoppix@Knoppix:~/tutorial$ emacs

0000 emacs 00000000000 00O0EmMacs000000 Welcome 00000000 OO0ODO

O00000OC0U0OCOEmacs 00000000 Emacs 00 00000O0OCx C-cO0O0ODOOOOOOO

OCtrl00 0000000020 0000x0,0cO OOOOODOOODODOOOO
gboboooooobooboboboooo

;5 This buffer is for notes you don’t want to save, and for Lisp evaluation.
;5 If you want to create a file, visit that file with C-x C-f,

;; then enter the text in that file’s own buffer.

cooboboooobooooooOoooOoOoOoOoOobOOoOoOoOoOoOoOobooOooOoOooDooOon



& emacs@noppix

File Edit Options Buffers Tools Help

P X OB 5 # B @GP 2

,a/

GMU Emacs is one component of a Linwebased GHU system.
‘You can do basic editing with the menu bar and scroll bar using the mouse.

Important Help menu items:

Emacs Tutorial Learn-by-doing tutorial for using Emacs efficiently

Emacs FAG Frequently asked guestions and answers

(MNon)Warranty GNU Emacs comes with ABSQLUTELY WG WARRANTY
Copying Conditions  Conditions for redistributing and changing Emacs

Crdering Manuals How to order Emacs manuals from the Free Software Foundation

This is GMNU Emacs 21.4.1 (i486-pe-linwcegnu, X toolkit, Xaw3d scroll bars)
of 2007-06-13 on ninsei, madified by Dehian

Copyright () 2001 Free Soffware Foundadion, Inc

7
--—= GHU Emzcs
|¥ For information about the GMU Project and its goals, tupe C-h C-p.

01 KNOPPIX/Math 0000 Emacs 00000000

;; DO0O000000000000000O0Lisp OOOOOOO
;s obooooooboobobobobce-x ¢c-f boboOoOooooooDogon
;; ooooooocoobooooooooooocooon

0000000000000 00000 Emacs 00000000 “Emacs is a screen editor.” OO0 100
000000 emacs.txt 00O 0O0OO0O0ODDO0OOOOOOOOOOODODODO0O0OOO0OOODO0OOOOOO
0000000000000 L000UUUUUo0LooLoL0L0DUULDoDUUoUUOoOOooo
CxcCc-fO00MCIDDIDDDOND0D0DMxOOOf00D0ODDODODOO0OO0ODOO0OOOOO

(Find file: “/tutorial/ ]

000000000000000000000000 Enter 00000000

[Find file: “/tutorial/emacs.txt )

0000 /tutorial/emacs.txt 00 0000000000000 00O00O0DO0OO0OO0O0O0OO
(New file) 000000 DOOOOODOODDODOOODOODOODOODOOODODODOOOOODO
oooo1000

Emacs is a screen editor.




oooOoOoOoOocOoOOOoOoOOOOOOOO0OODODEnter 000000000000000O

Emacs 00 M Ctrl00 0 00MetaDO OO0 D0 D0O00O0D0O0OO0OCx00O0D00OOCIODODO OOOOO
OxO0O00O0O0O0O0OO0O00O00 c-xoOJ00OO0OO0DOUMCIOODOOOOODDOOxOOOOMmCtrloOO
oo oobooobobobbOOonbOoOOoOooon

O00OM-x00O000O00OMetaDOOO D00000xO0OD0OO0O0O0D00OO00O0O0O00O PCOOOMetal
0000000000 AROOOOOMetal D0 0000000000000 0O00O0OU0@mMEscOOOO
O00oooooooogooDoxooooooooooooooooooooooooon

CO00Oemacs.txt 000000000000 OO0OOCOOOOOOOOOOOOOOOOOOOOOOO
gbooobdc—=x C-sOUObOOoOb0O0OOC-sU sU savedOODOODODODOOODOOOC=x C-sOODODO
goooooooood

[Wrote /home/knoppix/tutorial/emacs.txt ]

goboobooboobooboobobooboobbooboobbooboobbooboobbooo
OO0OEmacs 00000000 OODOODO C-x C-cOOODO
goboobbooboobboobooboboo

knoppix@Knoppix:~/tutorial$ 1ls emacs.txt

emacs.txt

0000000000000 0000000000 26byte00000000O00OOOOO

knoppix@Knoppix:~/tutorial$ 1s -1 emacs.txt
ag 4
-rw-r—-r-- 1 knoppix knoppix 26 2009-09-14 10:34 emacs.txt

ooboboooobooooboooooon

knoppix@Knoppix:~/tutorial$ cat emacs.txt

Emacs is a screen editor.

00000000 od 000000000 00d O octal dump 000000 Doctal 00 800000
OO0dump 000000000000 O000O0O00O00O0O0O0O000O0000O00000000O0000
000000000000 000000000000000000000000 10000000000
Dooooo2000 {o,1}, 8000 {0,1,2,3,4,5,6,7}, 10000 {0,1,2,3,4,5,6,7,8,9}, 16 0 00
{0,1,2,3,4,5,6,7,8,9,a,b,c,d,e,£} 0000000000000000



200 (800 (1000 |1600O
0000 0 0 0
0001 1 1 1
0010 2 2 2
0011 3 3 3
0100 4 4 4
0101 S ) 5
0110 6 6 6
0111 7 7 7
1000 10 8 8
1001 11 9 9
1010 12 10 a
1011 13 11 b
1100 14 12 c
1101 15 13 d
1110 16 14 e
1111 17 15 f

od0000O0O0O00O0O0O0O0DOOCOCOOOOO8OOOCOCOOO le000C0OOOO0OOODOODOOO
goooooooooobobooobooooboooooooom

\
[sm090001@pcs1p001-( ~/tutorial )-1008]od -Ad -txl emacs.txt
0000000 45 64 61 63 73 20 69 73 20 61 20 73 63 72 65 65
0000016 6e 20 65 64 69 74 6f 72 2e Oa
0000026
/

000000000000 oO0o0o0oooooooOo ASClIO0O0 DooOoO0ooooooooooooo
00000000 emacs.txt 00000000000 0D0OCOO0OOCO00ODOOOOO0OOOOOO 60
O00o0oO0O0O0O0ODO0O0ODODODOD byteDOOOODODOO0 1000 00O0D0OOOODOOOOODDODODOO
0000000 O 0 0000025 OO OOODOOOOOODOOOOOOODOOOOOOODOOO 160000000
000045="E’, 6d="m’, 61=’a’, 63=’c’, 73=’s’... 0000000000000 OOOO? 1600
00000020000 100 1byte0O0O0O0OOO0O0ODO2600000000000000000000
Oobobooooooo20=" 20000 ca=’LF’O0000000O00O0DOOOODOOODOOOOODOOOO
cooooooon

22 OD0O0O0OODOODOODOODOC

Udbb emacs 00O O0O0OODOOOOODOOODODOOODODOOODDOOODODDOOODRDODO
goooog



C[smOQOOOl@pcslpOOl—( “/tutorial )-1009]emacs emacs.txt )

Emacs 00000000000 D0O0OO0OOOOOOOOOO

CEmacs is a screen editor. )

23 ODO0OO0OODOODOOO

OO0O0O0OOscreen OO0 OO text 00000000 0ODOOOOODOOOOOOO EOOOOODO
gbooooooooooboboboooooboooooobooboboboboooobooboobOobOoboo
O0O00O(cursor) 00000000 DODO0OO0ODO0OODOOOOODODOOODDOODOODOOOODC-fO0O
U0 screen 0 n 0000000000 000O00OBSOODO screen DO0DO0O0O0O000OOtext DOODOODO
gbobooboobooobooboobbooboon

CEmacs is a text editor. )

gboboobodbb textx00DO0OO0O tO0O0DOODOODOOODO

24 0OO0OO0OODO

0000000000000 00DCc-n00000000O0DODOeditor. DOO0O0O0OOODODOOOOOOO
O0000O0o0oOoo00oooO00oOoO0U0DOoOo2000000000DOOO0DO

Emacs is a text editor.

Emacs is a computer environment.

Emacs 0000000000 Emacs-Lisp 000000000000000000O0O0O0O0OOOOOO
0000000000000000000000000 Lispd0 00000000000 O0OOOOOO
0000000000 LispO00000O0O0O0O0M-x000000M-x00000000O00O00O0OOOOO
ooboboooooooooobooooooboo

G )

OO000M-x forwvard-char 0000000000 COO0O0OCOO0OCOOOOO

coobooooobooboooboooooooooobobooooo0oooobooooboboooboOooobooOooOooDn
0000000000000 00000000 Lisp000000D0O0OO0OO0O0OOO0O0OOO0OO0DOOOO0ODO
00000 000000000 (key binding) 0000000000 D00ODO0ODOOOOOOOOOOOO
O000000000000000000000000000000000Emacs 000000000000
cooboooooooooobooooobooooboooo

goo0o0O0OO0O00O00O0O00O0O000U00y Lispooooooooooooooo




C-a

C-b €= =p C-f

oooad oo oo
C-p
Cc-f oooog | forward-char
* C-b goood | backward-char
C-e
C-p oooo previous-line
C-n goog next-line
C-n . .
C-a ooo beginning-of-line
02 Emacs 0000000 C-e oo end-of-line
oooo oo oo
C-x C-c | Emacs 000 save-buffers-kill-emacs
C-x C-f | 000O0O0DO0O find-file
C-x C-s | 0000000 save-buffer
M-x LispO0 00000 | execute-extended-command

00 1 00000000000000DO0bOoboooooog

Emacs is a text editor.

Emacs is a computer environment.

At its core is an interpreter for Emacs Lisp,

a dialect of the Lisp programming language

with extensions to support text editing.

J

cobOoboocobOoOooOooboocOoOo0obOocOooOoOoOoOoO0bOOoOoOO0DbOO0OObOCex C-sOOOOODOOOOO
oooboooobooooooooooooon

00 2c-p00000000000300010000O0

Emacs is a text editor.

Emacs is a computer environment.

a dialect of the Lisp programming language

with extensions to support text editing.

At its core is an interpreter for Emacs Lisp,

Emacs is the extensible, customizable, self-documenting, real-time display editor.

coooocooo

gobooobbooboobobooobuoobboooboobboobuoobbooboobboOoo

o0 300oboobooooobooboboboboboo

Emacs 00000000000 O0ODOCOOOO0O0O0ODOOOO0OO0OOOOOO0OODODDODDOOOOOOO
Lisp 000 “what-line” O000O0OM-x what-line 000 0000000000000 0OO0O0OOOOOO



0000000000000 0000 “goto-line” 00O LispO0O00000O00O0O00OO

[M—x goto-line ]

gooboooooooooooooood

(Goto line: )

O00000000000000000000 Enter 0000000000000 00O0O0OO0ODOOOODO

00 4 Lisp0O0 goto-lline 0000005 0000000000000LispO00 what-line0O00O0OO00OO
goooooooboboboon

o0 s ooboobogooobooboogobog e—x C-cOU0OOOOODODODODObODOUODODODOD
ooooooo?

goobogo

[Save file /home/knoppix/tutorial/emacs.txt? (y, n, !, ., q, C-r or C-h) )

gboooooboob0obobooobooooooobob0obobobo0ob00D0b0bO0obU emaces.txt 00O
gboobuooobobooboobooboobo ygoboboooOoobOUOOo nOOODOODOOOO vy
goooooooogo

25 OOOOODO

00000000000 emacs.txt 0 Emacs 000000

[knoppix@KNOPPIX:”/tutorial$ emacs emacs.txt & ]

000000 ¢0D00O0D0O000000000000O0 Emacs00000000O0O0O0O0O0O0O0O0O0O0OO
oooboooooooooooooobbooooboo0oooooooooOo0o0o@mEeEDDODOODOOODOOOO
O0000000000000Emacs 000 ¢c-d000000C-d0 1000000MMEODOODO 10000
ooooooo

00 6 C-d0000 40000 EmacsO0000O000O0O0ODOO

l10000000ob00ooO0b0ooboobobo c-do BSOODOODODODOODODOODObDOOODODODODO
gboooooogobc-k0bobOoboboooooboge-kO0oboobobobobooooooooboD
goboobodbog c.abbboobboobbooboobbooboobboob

gogd od gd

BS oo0oooooooooood backward-delete-char
C-d oooooooooood delete-char

C-k oooooooooooooog | kill-line

goboobboobooboboooboobobooboobbooobo



26 0000/000/00000

Emacs 00 000000000000 (point), D00 (mark), 00000 (region) 000 3000000
00000

go go
gooo gobobooooooobooobooboo
ggo 0000o0o0d0o0oC0 1000ooogooooooogoooo

gogood |bboboboobboobdoob oobboobooo

00000000000 000o00o0o00oooooDoooooooonD Q200000000

Emacs is [a| computer environment.

Emacs is the extensible, customizable, self-documenting, real-time display editor.

0o0ooooopooooo “70 “YYO00000000DoOoOO0O0U0U0OOoOOoOOOUoUOOooOooooOg
gbooc-secOgpospcUbngnouonouoboboboan
OO000O0O0O0O0O0O0O0O00 thed 4700000000

Emacs is a computer environment.
Emacs is e extensible, customizable, self-documenting, real-time display

editor.

gobooboobooobuooboooobooboobbooboobboobog

a computer environment.

Emacs is

Emacs 00 0000000000000 O0O0OO0O0O0OODOO0O0O0OOOOO0OOOOOOOOOOOOOOOO
000000000000000000 ¢c-x C-x0200000000000000000000000O0O
0 0 0 Otransient-mark-mode 000 Lisp 0000000000000 OOOOOO On,Of 000OOOO
ooooo

gojooooooogooooboobotbdddoooecCwooooooooooo oo o
00000000 0ooD0oo(kilring) DODODO0OO0OO0OOOO0OOOODOODOOODOOOOOOOOOOOOO
gboc-yuuoboooobooboopobooboobbooooobooboobbooboobooboo
dooddd M-wOoooog

000 Cc-wO Cc-k0000000000000(ecut)DM-wDODOOODODODOOO00 OO0 (copy)dC-y O
goooooooo Dl:l[ll](paste)DDDDDDDDDDDDDDDD&DDDDEDDDDDDDDDDD
00&OOO0ooooooon

gbobooooboobobooboobooooboboooobooboboboboobobooboobobOoce-yd
00 M-yOOOOOODOOOOODOOOOODOOOODOOOOOOOOOO



oooo | o0 oo

C-w ooooooono kill-region
M-w pgoddddddoouououooo kill-ring-save
C-y 00000000ooo0ooooooooooo | yank

M-y 0000o0oO0o0o0ooooooooooo yank-pop

3 DO0DOoooooono

Emacs 00000000000 O0ODOCOCOOO0O0ODODOOCOO0OO0OODOOOO0OODOOOOOOOO
gbobooboobobooobooboobobooboobbooboobbobobooboobbooboo
gobooboobboobuooboooobooboobboon

oobobobobobobo c-.gbobobOobOobO0obO0obOobObOoDbODbOD Cc-gbobobO
gobooboobboobuooboooboobboon

4 000

0000000000000 0000000000000000000000 Emacs000000000
coobooooooooooooooOoooOobOoOoboOooOoOobooOoOoOoOobOOoOoOoOboOoOoDbOoOoOoobooOOn
oooooooooooon

goog | oo EEN

C-x 1 gbobooooooooogon insert-buffer
C-x C-w | JO0O0OO0OODOODOOD write-file

C-s 000000 (D00Db0O0OooooOoon) | isearch-forward
C-r 000000 (0o0oooooooooog) | isearch-backward
M-% od query-replace
C-x o 00oo0ooo0o0oooooon other-window
C-x u Undo(OODD) advertised-undo
C-_ Undo(ODODOO) undo

00 OEmacs 00 M-x help-with-tutorial JO0OO00O0 Emacs 000000000000 0O0000OO
oooooOoOoOooOooooon

5 ODoOoOood

gooooooooOoOoOOOOOO0OD0000 EmacsOOOOOOOOODOOODOOODODOODOODOO
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VMware Player/Fusion D1 >~ X b—)b

@ VMware Player (Windows Fg)

HEKEESBESHSDEA Q ioog;[t:_‘?;\l(Mware Player ##%%&E LT, #vO—F
—JIc5¢<.
RHThRIE 9/3 BFRC 2.5.3 TH 5.
HRIET ' AEER Q L OHDEMIELS
| EEKUST GREST email 77 F bl%ﬁtg!’uﬁﬁb’%ﬁ{, ELSAALTE,
WE E TREIC email BEWVET EIF—EH L.
2 {BRIKSF/JST CREST Q #vra—FLiS5AYA =iV

@ VMware Fusion (Mac Fi)
VMware Fusion (%25 Hh5E8H) #AF, 1 VA b—
IWT 3. TE5IEFEYMEDT, SREBEZDMICHKEST
TEL.

Ha, ®H FHMERESBRN SOBA Ha, ®E FHMERESBRNSOBA

R T7AIV REIDA VA M—Ib

© KNOPPIX/Math DVD KR ISO A *—% Q@ YR F—ILRDER o
knxm2008n-kobe.iso; 4GB Tﬁﬁiéﬁ,ﬁﬁ (A% H TRIE 6GB) DBHZ/\—7 1
<~ /3 SN,
° 1223;;1?21%5 0 YR M —IVET 7 1 IV R 7 LORER
“ . Windows %5
o math2008n-crest-0912.exe (R AVE1—2SUHT A RIBI) v 7-> 70
Windows FHECf#&R 7 7 1)L, NTFS Fi (BElX T 5 5) INT o«
o math2008n-crest-0912.zip Q RETIVIFAIVEREBRLN—T 1> 3VIcaE—
Mac DHRET « RV (@5 55) USB XEY,SD 1— K, USB R—%2 JJV HDD = EH
o math2008n-crest-2G-0912.exe S5REITI VT 714 (iso ERAE Y VARK) 21
Windows FECHERT 7 A I, FAT32 £=92.

Q R VAKDER
R VARG T 741V ERITLTREY Y V2 ER
= 7 #)U4 math2008n-crest N CEF 3.

Q iso 77 MIVERER Y V7 + IVARICIEENT 5.

o math2008n-crest-2G-0912.zip
Mac OMHlF FAT32 ¥4 RV F

Fa, ZH FEREESBERNSDEA Fa, ZH FEREESBERNSDEA

RI8< > > DiH, 8T HET+IVE

o REI V7 # IVAHD math2008n.vmx 7 7 1 &S Q HETAIVAIIBET 57 # IV EER
TNy 9%, RAMIT, HET+IVAIIEET BT ALY MU R
ZhiEAEV % 512MB FRAT 3RE. 1ERL )
LA 7 OTH TS Enter ZHFHIE L. Q HBT A IVIERMICT 3.
0 EXEHDEUMESICIE, math2008n-256M. vinx Z{E 1RIB< > VilEh# VMware Player->HH T+ IV S
5 (256MB fEF). (Mac DIEEREBIY Y >HET+IVE) THET + IV
LEAMICTS.

o EHEICAEVEEZTETES.
VMware Player->h~ S5 IV¥1—F« % (Mac D5
BIRETYVSERE) DSEETES.

Q ERLIET ALY M) EHE 7 A IVAICIEET .
Mac DIFE, —ET7+IL FOREZHIELTHS, 1
HICHE 7 + VA ZEBINT 5.

AEVDBIAEAILS BIHEITIE BEEPTOE L. THIVEERE T ILAIIEELTHS, A%

0o BT, KAZa1—>0O97Y b shared_folder [CEET 3.
BTEMICHEZ 40707 CIEBIC Enter AN Q@ TRV MY TTAAVDESE
= MEL BERE, BESIIKKRT S TEBDNFH5 Mount Shared Folder #R{T
= VMware Player -> b5 IV a—F14>V 5 > I\ R{&klE /mnt/hgfs/shared_folder TH 3. ¥ IbH
T—77 LTHRT. ZD%K&H TEEITNIE OK. 57V 2RATBBEIETDNREZRWNS.
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71> 5O PS 7U ¥ 5088)

@ suspend @ XF->Confugure->Configure Printer #£{T
By Y FYEXTHLS &, FEDRIES Q Em->T V> 5/75 A %EEM
15—71,’( suspend qﬁﬁgfgi, REDIRE Q Ny 7 IV FERTYE—bLPD £1—%ER

. N N . . Q LPD Fa1—1BHRTTVVE2KRAMN, F21—%% AN
CODRET, RAMIIVE vy N EDTBHBTED KA B :p—4?8.math.kobe—u.ac.jp Fa—:

TE3. PS_DUP
RIE<> > 7+ IVERHIC, —FHELEDT— 7 DD T Q 7 AMIERIRT Postscript 71) 2 &EiR
AaAVHRZA. Q FVVEATRM>ERE

@ resume Page Size : A4 Double-Sided Printing : Long
suspend RAET, T, vmx 77 A IVEL TV U v o F Edge _ -

Miscellaneous->GhostScript pre-filtering:

%<&, resume 9 5. Convert to PS level2

o RIEET YV DF5E), AE— Q@ —IBIEHmTANEDTS
RET V7 +IWHATLEEE, AIE—TES. p-418 £ LTHK.

W EIC&Y, 1pr -Pp-418 ... T7 71 IVDEIRITES.

Ha, ®H FHMERESBRN SOBA Ha, ®E FHMERESBRNSOBA

57 10 17T S YRR

RV b0 T7DI=aT IV, BEEIIWVW L DD DGEAIC o B2 (BHf) DETE
FELTWS. BREETHIVYY > TR by THEERE
o Jusr/share/doc DS TES. =\=v579—t;b@5§%&t;t
E’J@X%b‘ﬁb‘h%;'f Lo Ry /cdrom/KNOPPIX/background. jpg
: e USB X&) DfERA
@ /usr/local/Math-ja ° XEU RIS
SEYEE M uUsB
E*"”.Kab ﬂzf\". IS FATOTH TS, M6 LG %iBAT OK
knoppix-math "> J /7 : Q USB XEUDTAIAVHFRY by FcBNB
e 7 A% b 7®M Math-Doc-Search £y ZFRIERE<
Math-Doc-Search %28 L, Query IcF+F—7— F (A& Q BEAHKAIITS
5B OK) EANRTH—F9 5. 74 aA>%H% ) v Y T Change read/write mode
=> KEDOEDEHEICELLETEHT EHNTES. Q BUATHIETVRY b
Windows IlTETIBRICIE, EEBDTINA A AZ 21—
=371 -t gl - P L

Fa, ZH FEREESBERNSDEA Fa, ZH FEREESBERNSDEA

Macaulay2 Mgl Macaulay2 : \JL 7 Z Dfth

@ x A= 1—, ¥fcl¥ KNOPPIX-Math-Start H* 52 e NIV, RZ=aTIb
g5. A K viewHelp 2179 5% &, 7> VHHEE#HT
Konsole HcEl L, Z DT Macaulay2 HEE1 9 5. %. AL,
(emacs) %3&.5 & emacs D/\'v 7 7 AT Macaulay?2 Macaulay 2 -> getting started -> a first Macaulay
HEEN T . getting started THREINTLSENA REEE LMD THB T EEHEDHTS.
TH5. B4e2DaT Y I, index B SANB T EHNTES.
o KT I 1 L—% (Konsole % &) b 5iLENIT 5. °o 77/ )bpAO—F
BOTCUbEFHRIZIaL—2DY TIbH5aR 774 IvDA— K& load, /Ny —TD0O— Fik
VM ERITTHE, TDHEKRIZI2L—2AT loadPackage T1T2.
Macaulay2 H &9 5.
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Macaulay2 : ERIRDES L ZIEXDA S Macaulay? : ERIRE K UIEIERF

e Macaulay2 Tlf, ERR%ZAHEICES I 54BN H 5. T
o fR¥FL LT, BIBEUAIL Q, AR F, = Z/pZ I i2 1 f=(xy+2)"2

Zz/p ek Y Ah—é%é' 02 = xz + 2X*y + y2 + 2X%z + 2y*z + z2
o HAEMBHIREINTVLBES, ZZITEENEVLFR 02 : R

Eﬁ%ﬁm LJ: 5 t L,T:E’?Eﬁ-sh%. iid;o?:i’;?(l):[@]: error: no method for binary operator + applied to
° %%Eﬂli%hb‘ﬂiﬁﬁ'&hf:ﬂ%@?iw%?% objects:

REZRICBT ZZEANRE, EFNBFRETH—HLT S Ei G gmbol)

WTh, —HEMEDBICET AELH 3. Sy

i5 @ fru

stdio:5:2:(1):[0]: error: expected pair to have a method for ’+’
i6 : h=(map(S,R)) (£);

i7 : h+u

2 2 2
07 =X + 2X*y +y + 2Xx*z + 2y*z + z +u
o7 : S

Ha, ®H FHMERESBRN SOBA Ha, ®E FHMERESBRNSOBA

Macaulay? : IE|[EFF Macaulay2 : 'L 7+ —EEDHE

HEFISERREZEERT S L EIRET S.

7741 PR REUHBRIEF T Y, ZNLAOIEFE © Macaulay2 TOA 77 IVDEMIS ideal(pi.....p) I
IEFET BIESICIE MonomialOrder ICK VIEET 5. (£FRH 3.
BHLOEHESS. o JLIJ7+—EIKIZ gb TIT3.
T ronontalonderosLex] FEIEFIEEAH > TLBDTIERIA F7 1L 1 DD
: X,¥,z,MonomialOrder=>Lex o . - N "
COBE, x>y > 2 5 HHERBFEHOSEAREE CBE. BRIRTLIT—BELWIFTVII TR
ELTWA. Tha.
o JOv YIEIER o EMRIE gens ITX WITH] (FIXNT ML) ELTERVH
5l :2z/37[x,y,z,u,v,MonomialOrder=>{2,3}] 3
ZORIE, (x,y) >> (z,u,v) T, T O W T IC2REGYEE i
EXEBAT 70y VIEFEROSERBEEE L £MFR g D i BHOERI, g i lcKYEIWHES. i &
TW3. 0D SHEEBRT LIEET 3.

ZIER, D FEEMEIE Macaulay2 Tl lead monomial & IS
N, leadMonomial THYYW ¥ 3. ZDREIE
leadCoefficient, fREDF DFFEIAIL leadTerm THIY
5.

Fa, ZH FEREESBERNSDEA Fa, ZH FEREESBERNSDEA

Macaulay2 : =3 + )1 7 IV

ROBFE, cyclic-7 DEXFEFHERIEFICLZILTFH—
EEHETHS.

@ AFTT7IVICR(R=K[x),...,x,)) DI LT F—EEGC
. —— , DFRFEEDS I DA = ¥ IbA T7 IV in(l) FESNS.
Macaulay2 lc £ %7 L 7+ —REHE o R/I & G DEBEETENGEVEERSH M TK LK

il : R=QQ[c®,cl,c2,c3,c4,c5,c6]; 5h3

i2 : I=ideal(c6*c5*c4*c3*c2*cl*c0-1,...
02 : Ideal of R
i3 : G=gb I;

M DTEIZHERIAT (standard monomial) & PR,
o [ DRFTH 0 I SIEEHIFR I BRETH .

i4 : g-gens G: ZhiE R/in(h) D Q- BEZE5ZX % basis Ic&kYFS

1 209 ns. _
04 : Matrix R <--- R @ dimg R/in(I) = dimg R/I THY, TDfEIF, K IZHITS
i5 : g_0 I DELRDEEEAHDEERICFLL.
o5 = | cO®+cl+c2+c3+c4+c5+c6 |
1
o5 : R
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Bl: 1= v ILL TT7IVDFE Macaulay? : & L URIRDFHE

Macaulay? IZ& %1 = v U1 7 7 IVDFHE Macaulay2 Tld, 2TV L 7+ —BEX fIZ1T5 T >
il R=Qlx,y,z]; FEESLUVRRHHETES.
i2 @ I=ideal(x"2*y"2-z"2,x"3-y*z"2,x"2%z"4-y"2);
02 : Ideal of R @ remainder(f,g): f %& g TE SRR r ZiIRY.
i3 : J=ideal leadTerm I @ quotient(f,g): f % g CEI- & ¢ &Y.
3 220 32 56 24 @ quotientRemainder(f,g): f & ¢ CEI>fc@ ¢, BIR r

03 =ideal x , Xy ,yz,y,2,X2z)
03 : Ideal of R
i4 : dim I

IZxt L sequence (¢,r) #iEY.

e o 313 /14778, ¢ 15 L T F —BEE 1217
i5 : S=R/J e g LITF—HREDHE, BEIX0
05 =8 o g MMTHNDIBSE, gq +r = f BT g, r BEHEINS.
‘i’z g:z;:e’s‘tking g B TTIVOERRELENTATNY FILDIZE,
06 = | 1 x x2 x2y x2yz x2yz2 x2yz3 x2z x22z2 X223 Xy xy2 xy3 xy4 qogo+ -+ qig = f ZHEIT qo..... @ BFINT kbE
LTERENS.
Xy2z2 Xy2z3 xy2z4 xy2z5 xyz xyz2 xyz3 xyz4 xyz5 xz xz2 xz3 xz4 ... ] %U%ﬁ%@%%%ﬁ&ﬂﬁfﬁ:% ‘//\\—:/“/ 7, @‘a‘ﬂﬁf%
--------------------------------------------------------------- felof & IDILTF—BECEBHAH 0
y4 y4z Y321Y22 YZZ§ZYZZ3 y2z4 y2z5 yz yz2 yz3 yz4 yz5 z z2 z3 z4 25 | IcTol @Iﬁﬁé’é@%ﬁ@, JDFLTF—HEEICE
o5 : Matrix § <--- S BRIR

Ha, ®H FHMERESBRN SOBA Ha, ®E FHMERESBRNSOBA

Bl AVIN—w TFR b Macaulay?2 : JHZE

o BEATFTIVDHE

il : R=QQ[x,y,z];

i2 : I=ideal(x"4*y"2+z"2-4*x*y"3%*z-2*y"5%z,x"2+2%*x*y"2+y"4); 1 E%IE:T:V,E% K[Z] (Z =XuY,XnY= 0) 0)47‘-7”/&
i3 : G=gb I; TBLEE I = InK[Y] DERRI, X >> ¥ BREED
14 : g=gens G; HEIEF < I3 1D LTFH—EEG ITRL

%2 B fzy*%‘z 32 i ll1.0) Gy=GnK[Y]IL&WE5EZ5Nn3.

1 ! remainder(matrix ’ » S

o [ remainder o Gy IBHITY LT —BE

i7 : remainder(matrix{{f"2}},G) Gy l& Iy D <y=< [kir) I B3I LITH—EEICE>
07 = | 2x2y3z+2x3yz+2y2z2+2x22 | TW3.

0 & i e o HEIEF & LTI, HEMEOMEN 5, BRIE IOy
08 = - N=:]

i9 : qr=quotientRemainder(matrix{{f"3}},9); 7“|E$%1§j®b\£$ L

09 : Sequence @ selectInSubring

i10 : q=qr_6; G H*5 Gy ZR&H 3.

ill : g*q @ selectInSubring(i, m)

0ll = | -x9+3x6yz-3x3y2z2+y3z3 |

T mb5 i BEH(CDBAIEi>)FTOTAYIIC

i12 : g*q-£f°3

012 =0 BRI 2EBZEEHVIIDHZEY H LI1T5%RY.

Fa, ZH FEREESBERNSDEA

Fa, ZH FEREESBERNSDEA

ROFITIE 1 nQlz] DEMREFHELTWLS. {x,y} >> {27} R=K[x,..., x] £TB.

T, &70v o cerpuiEEREF £ ERAT570v V| o 177 IVDLESRS
FERELTILIT—EEG 2HELIEH &, EHH : D RODAFTIVI=(fi, o f I =(g1,....g) WL, ¢
FH5155ZENE GHSMYHLTG ELTWS. EHFLOVEHETIIE

HEATTIVDY LI F—REDHE INT=fi,.. tfiu(1=Dgp,....,(l =g NR
il : R=QQ[x,y,z,MonomialOrder=>{2,13}];
2L, B8DA 77 IV K(x1, ..., x,,t] TEZRB. &2
i2 : I=ideal(x"2-z,x*y-1,%x"3-x"2*%y-x"2-1); T,jjﬁf’fT?)l/E‘i’%tCJ:U%iﬁgﬂﬁb‘ﬁ‘f%?%%.
. o 177 IVEE
02 ¢ Ideal of R ROATFTIVLIERLI: T =(f|fIc]) TH?
i3 : G=gens gb I; TV, JheX ~[—{f|f cl .

1 3 J=(gu ey BT =((1:4e) THB.1: () &
i g i=1
C8 8 LERERhs 1§ &mem L I1:g¢EL. I:g=(1Un(g)/g THB. HlIE, In(g) D
i4 : Gz=selectInSubring(1,G} ERRADETTE ¢ TR LD TERENBIFT IV
o4 = | z3-3z2-z-1 | THB. &oT, 1] FEBEEHHABEICLYVHETES.
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Macaulay2 : 1 77 JV;EH 2 Bl : 1477 IVEER

A 77 IVDER

@ saturation . il : R=QQ[x,y];

ROAFTIV LIS 10 = | Ju:0m) TH 5. wismorn
m=1 i3 : Il=quotient(I,x)
! 5 4 32 2 7 23

J=(gu.... gmaz:J:Qu:<g,->°°>-c-asz,.1:<g>°° DI @ o5y cEoE 25y
Hl:go EEL. T:g°=U+{tg-1)NRTH5. Izl e Iz:quctizn;u'xu)s a @ 5
LEADA FTIVEKIx,. .., 51l TEZB. £2C of =ideal Gxy - %y - x,x - xy)
saturation IFEBHHHBIC & YEHETES. BRI s

o [ e VI DHE (radical * ¥ /\—2 v THIFE) Sl o Ly xex o)
R 0)47_\_7”/ 1, f cR LZ;({I‘L,, i6 IA:quotlen;(I,x 4)5 .
feVIeI+f =1 = Klx, ... 611 THB. B : s
T+{f = 1) = K[x1, ..., %0 1 WE T+ (¢f — 1) O (IEEIBIE : s 45 3
FICET 3) @ L7+ —BED (1) THBTELER b A A
BEHS, fe VIDBEZT LT H—REEHETS 08 = true
TETHETES. ey

Ha, ®H FHMERESBRN SOBA Ha, ®E FHMERESBRNSOBA

i : radical X /I\— v T Asir DE2EN 5%

radical X > I\—<v THIFE @ x A= a—, ¥fzl& KNOPPIX-Math-Start H* 5 {2&)

il : R=QQ[t,x,y,z]; v%.

i2 : I=ideal(x"4*y 2+z"2-4*x*y"3*z-2%y 5%z, (openxm) DA EEEHITNIE, BLDSA TSV T 74
X 242%x*y"2+y"4); V& BEMICERH T A TTEENT 5.

02 : Ideal of R o IR RIZ a1l —A2h5SikEET S.

i3 @ f=y*z-x"3; Asir BIETIEOT Y RS 1 VREMEEIFEVL DT,

i4 : gens gb (I+ideal(t*f-1)) openxm fep asir ZR{TY 5.

o4 =] 1|

TLIF—BED (1) ZDT, fe VI LHETES.

Fa, ZH FEREESBERNSDEA Fa, ZH FEREESBERNSDEA

o NIV, =a7Ib @ Asir TIE7IVT7 7Ry MI\XZETHREY, 7IV T 7Ry
AJIVT & help("function™) T3+ %. =17 IbiE k8, (74 —RA7) D5 EBZXFEINHDRETT
T A% kv 7D Math-Doc-Search T5|< 5, helph() H5.

ARV FTI7S59H%IE EIFTHTML DT =2 o ANEThEZERFBRERRICKVFRIFEATWS.
7 ILERBDHEFTH B. BiRRELE, 21EXE, TERICET 52 —EHZER

o Z7AbDO—F ELTRETSHDT, R, TEHESEHEVRIE

7 7AIVIE load I K W1TS. IRIFZE ASTRLOADPATH XTH 3.
THEIhT L7 M) EIBIFET. TOfERE, VT
JUBS openxm env ERITTBERDT EHTES.

[1518] F=(x+y+z)"2;

X 2+ (2%y+2%z) *x+y " 242%z*y+z"2
[1519] G=F+u;

X 2+ (2%y+2%2) *x+y " 2+2%z*y+z" 2+u
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Asir : FHIRIRZIEN LIHIEF Asir : JHIEFRDRE

o FLTF—BEIIET BHIEIL SRERTITONS. ERYZHL, ROESLRARFEORETES.

JL 7T -EEREEAEETORE, BRH I VAT o HiflizIHIERR
B BRBENOEHREITS. 0 : @XErEENIER
o L7+ —HEREHEL L, BEFHLELHEDE | : 2REHERIEF
E, HEFZIEET 24ELHS. 2 BHEAIEF
o Asir [T, HIEFIIERIERF LBIEFRICK VS o JOv Y IEHIEFR
EEND. (0L [0sml,.... [0, ]l 5B YR RDY R b
THEFIERETELNY X b TREFT 5. BARYG 2 [[0,m], [0, n2]] : 5EBED n) BERZEHET B
ZOIEFIFEEREIEENY MV TRRTIHEDE DHEEIERF
ERDA 2Ty I RERDS. Q@ TBURNEEDS njn . m(m +o 4 =) FD
Bl ZE, ZEIBED [x,y,z,u,v,w] TEZSNBS, =R R
xyzulvew! 1& (a,b,c.d, e, f) TRTRENS. Q i ZEHO Oy /IcBEMIBIERE 0, #EAT 3
Q 1 EBDT Oy IH5, KIVRE B E TIBITITS.

Ha, ®H FHMERESBRN SOBA Ha, ®E FHMERESBRNSOBA

Asir : SERRSATNDR(E fl : PHRBZSHEADER

° dp_ord(Orc_l) - [1532] F=x"2*y+y 3*z+x*z+x+1;
HIEFREORE. HIEFRIIEBD518HE LTEASIE VAR 24 (2 1) Frtzry " 341
EbH%. [1533] dp_ord(®)$
Y dp_ptod(F ) [1534] DF@=dp_ptod(F, [x,y,z]);
BRECh TV B EIEFL, TRES v RS S EET e
T, SR F EHBRIUTHT 3. BT
@ dp_ht [1536] DF2=dp_ptod(F, [x,y,z]);
%EEIE (1%& 1) UJET(") Hj L, (1)*<<2,1,0>>+(1)*<<1,0, 1>>+(1) *<<1,0,0>>+(1) *<<0, 3, 1>>
+(1)*<<0,0,0>>
@ dp_hc [1537] G=F+u;
ﬁEEA%ﬁU)HX U Ilill L/ V*X"2+(z+1) *x+2*y " 3+u+l
@ dp_hm [1538] DG=dp_ptod(G, [u,x,y,z]);
%%&O%@%EEIEO)H)‘( U l'fl L (1)*<<1,0,0,0>>+(1)*<<0,2,1,0>>+(1)*<<0,1,0, 1>>
+(1)*<<0,1,0,0>>+(1)*<<0,0, 3, 1>>+(1)*<<0,0,0,0>>
FAFEIFMBILEONTOL0ZFALTE Y, EDAE [1539] dp_ht(DG);
LR BT LISERENRL. 00

Fa, ZH FEREESBERNSDEA

Fa, ZH FEREESBERNSDEA

Asir: L7+ —REDFHE

Bl : LT —EREHE

gr #0— KL TEH K. (KNOPPIX/Math CIEFRE) Asir lE& B9 LD+ —REHE
Plist (A TT7IVEaRTZER) X FTHS. [i:;] éf“‘(;fyciif"”
Viist + Z580) A b (kv Crtien:

) [c6*c5*cd*c3*c2*cl*ch-1,...]
Ord : HIEFE [1528] V=vars(Q);
[c®,cl,c2,c3,c4,c5,c6]

@ nd_gr(Plist, Vlist, Char, Ord) [1529] nd_gr(cC,V,31991,0)$

(Plisty DEFRK I LT+ —EERZHET 5.

Char = 0 D& EBEHEFRE, 2.016sec + gc : 0.072sec(2.089sec)
Char B%RED & T BRI ey, LTHET 3. [1530] nd_gr(C,V,0,0)$
BRIFBEXOUR L TH. YR+ G0 i BAOER Gt el
I Glil (i %0 b‘Bhﬁi%) THY Ilill't"% [1530] G=nd_gr_trace(C,V,1,1,0)$

@ nd_gr_trace(Plist, Vlist, Homo, Prime, Ord) ié:545ec + gc : 5.428sec(25.02sec)
(Plist) C Q[Vlist] DEGHIT L T+ —EEEFHET 3. [1531] G[01;
Prime & 1 38 LTHL. (((238539226659020007130662%C6*C4-. . .
Homo B 1 D& E, ERLERHL THET 5. [1532] length(G);
Homo B0 DEF FRILEREHE LGV THET 3. e o
FEREDIES Homo = 1 BRE nd_gr : REEIROIHHELIEE 5L B S.

nd_gr_trace + Homo = | : 25 B THEIMRT T 3.
F2, #H HEREESBIDSOFA F2, &8 HEREESBIDSOFA




Asir: 1 =2 ¥ L1 77 IVDFE Asir : BIREHE

0 VLI —BEEHETS. p_nf : FROPEEI > TEHRHRTRT
Q EENETTE dp_ptod THRRRICER ISR 0 AN (= FELS

o ot AR HRH 0 HEOOUEICANS.

Q HEHHNIE, dp_dtop TEBRERICET p_true_n{ : [num, den) 5% ') A F&IRY
0 R5T = dp_mbase | & Y, BEMERSHEHETES. num/den DEDEIREES.

Asir lic&B 1= v Ib1 77 IVDFHE FIRAHE

DS BAES 2Ry o Bo B dlotd Oy 2l [1517] B=[u2*u®-2*u2+3, (2*ul-1)*u®"2-ud-2*u2,
[y 2*x"2-2"2,x"3-2"2%y,z"4*x"2-y"2]

[1518] V=[x,y,z]$ 2*ul”3+u2+4]1$

[1519] G=nd_gr(B,V,0,0); [1518] V=[u®,ul,u2]$

[274%%x"2-y"2,-y"4+4276,-y " 2%x+y"5,-2"2%x+2" 2%y "3,y "2*x"2-2"2,x"3-2"2%y] [1519] G=nd gr(B V,0,0);

[1520] D=map(dp_ptod,G,V)$ H=map(dp_ht,D)$ on on foyn N .

[15217 [1522] map(dp_dtop,H,V); [10%u2"4+126*u2"3+637*u2"2+(586*ul-907) *u2-...]
[2°4*x"2,2"6,y"5,2"2%y 3,y 2*x"2,x"3] [1520] Q=p_nf(u®~5+ul”5+u2°5,G,V,0);

[1523] map(dp_dtop,dp_mbase(H),V); 2851262910%u2”3+30078832770%u2"2+(22194374760*ul-. ..

[z°5%y"2*x,z 4%y 2%x,z"5*y*x,z" 5%y 2,z%y"4*x,2"3*y*x"2,...] _ o a a .
[1524] length(e@); [1521] QR=p_true_nf(u®”5+ul”5+u2”5,G,V,0);

52 [2851262910*u2"3+30078832770%u2"2+...,35373600]

Ha, ®H FHMERESBRN SOBA

Ha, ®E FHMERESBRNSOBA

Asir : JHEE: Iy = In K[Y] DERRDHE Asir : R/NZIERDOHE
o 7OV VIERIEL BT LI —BEERES. minipoly(G. V. Ord, F.T) (in gr)
BEHELTHET 5185(clE nd_gr_trace & o BEEMHFRHMZERBD ORTAT7IVI=(G)HL
Home =1 TfES. UZER FITRHL, m(f) e I &I LS55 0 THL
o DHEEIEFILIFT—EBEGHS I, DT LITT—EE RONRBDZIER m(T) ?ﬁ%?‘é
G, BBV T o G \$EIBF (V,0rd) TOY LT F+—BIE, F I$S1ER,
elimination (T4 7Z Y primdec_mod ICEZETNT TIRVICEENEVER.
WBHRZ 17 IVIcid L) Z{ES. katsura-7 TD u7 D NESERDFHE

[1518] load("katsura")$

[1522] B=katsura(7)$

. . [1523] V=[u®,ul,u2,u3,u4,u5,u6,u7]$
[1664] B=[u2*u®-2*u2+3, (2*ul-1)*ud®"2-ud-2*u2,2*ul”3+u2+4]1$% [1524] G=nd_gr_trace(B,V,1,1,0)$
[1665] V=[u®,ul,u2]$ [1525] minipoly(G,V,0,u7,t)$
[1666] Gl=nd_gr_trace(B,V,1,1,[[0,2],[0,111)$ [1526] deg(@@,t);

[1667] elimination(G1, [u2]); 128

[8*u2"9+72*u2"8+292*%u2"7-2036*u2"6-198*u2"5+20682*u2"4-...] SEEIERFS LT F—BEHEE B L THD B LD

HEAT T IVDFE

[1518] load("primdec_mod")$

Fa, ZH FEREESBERNSDEA Fa, ZH FEREESBERNSDEA

Asir : 0 Ryt 1 7 77 IVDIE|EFEH#: Asir: 1 T 7 IVEE

ER|EF Y L 7+ —EE% Buchberger 7/V3J XLT 1 77 VDB, 4 7 77 )V, saturation =5+ E I 5
ERFHET 30— RICHELRZEL. L, SATSVDHETETEZSTNEDNTWLS. (i :
= JHEFERHIE primdec)

tolex(G. V. Ord. W) (in gr) RZaTIVEEBDNTOEVLDT, BEA 77 IViHEZRL

0 R5TA 77 IVDBEIER (V,0rd) TDF LT F+—EE G H
5, EEF (W, lex) DY LT F—EEZHET 3.

ROFUE, katsura -7 DFEERNEFS L 7+ —EEZIBIEF
E|THELEEDTHS.

TINSZRELTHBE, FVRBICGEETHSS.

IBEFZE#RIC L HHENIEF I L T+ —EEDHE

[1523] V=[u®,ul,u2,u3,u4,u5,u6,u7]$
[1524] G=nd_gr_trace(katsura(7),Vv,1,1,0)$
2.676sec + gc : 1.356sec(4.032sec)

[1525] G2=tolex(G,V,0,V)$

279.5sec + gc : 57.68sec(337.5sec)

B2, #H FHEREESBAL SDEA B2, #H SHEREESBAD SDEA



TR R REREE (DDF)

(" ] LXT@%IE’&?‘T’)H‘E&, Macaulay?2, Asir zhzhnic ° fl — xz +y2 + Zz _ 9, fz — 3)62 _yzz, f% — )CZZ _ 2_)72 +2 'I:i“j‘

DLTHENE.
0 T AIVCHREEEHT. L, fi =fh=f=0 BT (v,y,2 e C ELTRDE.
0 ®UELETS. Q@ a=35,5=5 £T 3.
0 STADEMBBE. @ o +p D QEOBNSAELERDE.
@ QuyAdAF L 0 L % o, p DHERFHSER THL.
I=(+z,xy+y +2,x2—y —2yz,y* + 3y*2 + 7%), . o R R
T =2+ 50y +y + 2,00 — yo) DASBEREARL. Q (Asir COTOTZIVIRBHOHZIAMIF) 1 T7 IV
© fi=3xy* 4324 (204 Dy + 2, DI@ERSY, A 777 IV, saturation DFHEE KU
L= (ot D2 2 radical X > /\—2 v T7HEHIET ZEKE TR £.

fi=x8 — 292 —z =2y + 2 ITHL,
I={fi, . f5) C Qlx,y,2] £HK.
Q dim/ =0 %L S K.
@ dimq Qlx,y,zl/I ZRH&.
Q IDx>y>: EZHENEFTOMAITLITF—HE
D {g0(2). x - 81(2).y — 2} EVWDIHTH B T L ZFED
H&K.

Ha, ®H FHMERESBRN SOBA Ha, ®E FHMERESBRNSOBA

o

ZE

@ W. Adams, P. Loustaunau, An Introduction to
Grobner Bases. Graduate Studies in Mathematics,
Vol. 3, AMS (1994).

@ D. Cox, J. Little, D. O’Shea, Using Algebraic
Geometry. GTM Vol. 185, Springer (2005).

o D. Eisenbud, D. Grayson, M. Stillman, B. Sturmfels
(Eds.), Computations in Algebraic Geometry with
Macaulay 2. Algorithms and Computation in
Mathematics 8, Springer-Verlag (2000).

@ G.-M. Greuel, G. Pfister, A Singular Introduction to
Commutative Algebra. Springer (2007).

@ M. Kreuzer, L. Robbiano, Computational
Commutative Algebra 1. Springer (2008).

Fa, ZH FEREESBERNSDEA



Jubgdod . gttt

U0 00 @duoooooooooonb -JST CREST)
OO0 g @ooobobgd -JSTCREST)

Oo21090d 140

1 J0oooogooogd

1.1 VMware Player [ J 0 VMware Fusion J J OO 00O 0O
1.1.1 VMwarePlayer 0 0000 OO

Windows O 0O 0O, VMware Player (U 0) OO0, D0 0O0O0OOODO. Google 0 VMware
Player 0 D000, 000000000000.000093000253000.0000
O,email 00 000O0O0OOOOODO,00000000,0000000 emailldO000O3
0dddddoo.0ddoooooooboboobobooooooooooon.

1.1.2 VMwareFusion O OO QO OO0

Intel Mac U OO, VMware Fusion (D OO O O0O0O)OOO,00000000.00000
gboooda,bbobugoobbooad.

1.2 00O0O0O0OOOoOo0ogod

000000, KNOPPIX/Math DVD O 0O ISO OO O O (knxm2008n-kobe.iso; 4GB) [,
O000000 (math2008n-crest OO O)OOOO. ISOO0OO0OOO 4GBOODOOMO
OO0do.0doooodn,WindowsDOOOOO exe OO O (math2008n-crest.exe
160MB) [0 0 0 Mac U zip O O OO (+verb+math2008n-crest.zip+; 240MB) O 0O 0 O .

OdO0HDDOOOOOOOOOOOO00OOooO,0b0ddooon FAT320000
O0.00,WindowsD C:O0000000O0OO0OOO,FAT32000000.0000,00 HDD
O26GBUO0O0O0OOOO0OO0OOOO math2008n-crest-2G.exe 00 math2008n-crest-2G.zip
oooooooag.

I.0boogoobood

OO0 DvD,USBUOOO,SDUOOO,USBOUOOODO HDDOOODOO,0D00O0O0O0n
OoOodbo pCO HDDOODOOOODOODOOD.ODOODOOOODOOD,O
gooboooooboooonon.

2. 1ISo000goooo

gboo,gdbobobbooogbo,ogobbbooobooboboooa.



1.3 0000o0oOoo

OO0000b000000 math2008n.vmx U0 00000000000 O0.0000000
OsMBOO0O0OOOOODO,00b0000b0O0O0O0ObDd, math2008n-256M. vmx [
OO0000000. VMware Player->U 0000000000 MacOUOODOOOUO->0
Hhouooobbooooooboboooobo.bbooooboobboooobo,oobn
gbooog.

14 0O00O0OO0O

0000000000000 00000000O0.000000000000,, Windows OO
OMacOO,00000000000000000DO0O0DOO0, VMware Player->000000
MacOOO OOODOO->000000)00000D0DOO000O0O,0000000000AO
0000000000 0.0000,00000000000000£0 Mount Shared Folder
O00000,0000000 shared_folderJO0O0O0O0O00D0O0O0OOOOO.O0000O0
OO0 KNOPPIX O OOOODODODOOOOODO,00000D0DODODO000O0OooDoOn
000000000oO0.00o0o0000.000 /mnt/hgfs/shared_folder 00 0. 00O
Oo00o00000pooooooooooog.

Mac OOO,0000000O0DOODO0ODOOOOO,00000O0O0DOO0ODO0O0ODOOOO
Od0dd. 0doo,0dd0oddd0ooooooooooooo,o0onooo0o0o000
shared_folder 0 OO0 QO 0O.

1.5 suspend, resume

O000000D0000Ox00000,00000000000 suspendd00O0O0O.0O0O
000, 0000bodobodooobooooooooboo.oooooOo, 0000000
000, 00000000 0ooooooobobooo.ooooo,vmx00000D0O00O0O
000000, resume 0 O.

1.6 JOODDODOOO

000 0O ->Confugure->Configure Printer 100000, 0000000000000
dooooo.pSO0000O0000O0OOOOOOOOOODOO.

I.00->000boy/bbo0oon
2. 000000b0bbo0ooob pD0O0O00ogn

3.LpDO0O0O0ODOO0ODOO0ODOOO,0b000bOO0
OO0O00oo0bOBO 4000000000
OO0 : p-418.math.kobe-u.ac. jp
000 : PS_DUP

4. 000000000 Postscript 0 OO OO0



5.0000000->00
Page Size: A4
Double-Sided Printing: Long Edge

Miscellaneous->GhostScript pre-filtering: Convert to PS level2
6. OO OUOOODOOO
p-41800 00 00.

ooOobD0O,lpr -Pp-418 ... 00000000O0D0O0O.

1.7 D0ODOOOOOOO0O0000Oogn

Dobogbobobobbogb,obobbobodbobobobofgb. /usr/share/doc
g, 0gggbobobuoooobbbooogbb.bb,odbobibd /usr/local/Math-jall
Oo0o0ogb, 0000000 knoppix-math 000000000 0.0000000000
Oooboooobobg,ooboobob Math-Doc-Search DD OO, 0000000OO0O0O
Oboooboobbg.0ooobodb, Math-Doc-Search DO 0O 0O, Query OO OO0
gobokyoboooooooobuoobg.

2 Macaulay2 1000 dgooooooog

2.1 Macaulay2 00 0[O
211 0O0O0OO

e VxUDDO,O0O00O KNOPPIX-Math-Start 0 00 0 00O

Konsole 1 0 00,0000 Macaulay2 D OO OO . (emacs) OO O emacs U 0O 0O OO
OO0 Macaulay2 DO OO 0. gettingstarted I D O 00000 O0OOOOO.

e JODODDOODND (KonsoleO )OO OOd.

OO00O0b0oo00o0O0obOO0obO0obobooooOooDooDoMmOoooooo,bo0bO
0000000 Macaulay2 D OO OO,

212 0O000O,00000
0000 viewHelp OO ODOOO,00ooooooo. oo,
Macaulay 2 -> getting started -> a first Macaulay 2 session

obooooboobbuooobooobb.0buobobibf,index0 00000000
go.

213 00O0OO0OOOOO
00000000 lead, DO OOOOODODOO loadPackage U [0

3



2.

2 OJOoooooood

221 0O0OO0O0OOOOOOOODOOD

Macaulay2 U0, 00000000 0OOO0O0OO0O0O.000O000O0,00000 QQ, 00

OF,=2Z/pZ10 ZZ/p00000000.000000000000000,000000
0o00odoodoooooooooooobL. o000 oooboooboooobooon
0o, 000000000000, oo ooo0oooooboooo,oo0oooon
D000 mpUOOoOoOd)yooooao.
r oooooooooooon N

il : R=QQ[x,vy,z];

i2 1 f=(x+y+z) 2

2 2 2

02 = X + 2X*Y +y + 2X*z + 2y*z + z

02 : R

i3 : g=y+u

stdio:3:4:(1):[0]: error: no method for binary operator + applied to

objects:

- y (of class R)

-- + u (of class Symbol)

i4 : S=QQ[x,y,z,u]

i5 : f+u

stdio:5:2:(1):[0]: error: expected pair to have a method for ’+’
i6 : h=(map(S,R))(H);

i7 : h+u
2 2 2
07 = X + 2X*Yy +y + 2x*z + 2y*z + z + u
o7 : S
N J
222 000

O

Oooouoooooboooooboobouoo.obooobouooboooooboooooo,oa
0000000000000 MonomialOorder OO0 O0O0O00O0O0.000000000O.
e JOOODO
0 :QQ[x,y,z,MonomialOrder=>Lex]
O000,x>y>zO000000O0O0O0O0OOOOOOOOOOOO.

e JOOODOODO
a:.zz/37[x,y,z,u,v,MonomialOrder=>{2,3}]

D000, {xyi>{uvi0, 0000000000000000000000O00O0O0O
gboobooggoobogd.



O00000D00 Macaulay2 O O lead monomial U O 0 0, leadMonomial D O OO OO. O
O000O leadCoefficient, I IO OOOOO leadTermO OO DO DO DO.

23 0JO0OOoOoooboood

OoobO,00b000b0b0oboobobo0obobuoboboobobun. Macaulay2 0 00O 0O
OO0o0O000 ideal(py,....,p) 0 00. 00000000 gbO0O0O.0000,000000
obooobobobobobobobo lgboobo.oobooboobooboobooo
OO00O0boO0.00b00gensO0O0on(moooo)yobooooonog.

OoOd0,cycic-70000000OO0OOO0OOOO0ODOOODOODOO.ODO0ODOOO
ooooboooooboobobobobobobob,0cobooooooooobooogoo
OoOoo0bdb0.gensd 000000 I1x20900 gUOOOO0Ooo.oooobooon,
g_id0ooooogo.iboboboobobooooon.

s Macaulay2 0 0 OO0 OO0 OOOOO ~

il : R=QQ[cO®,cl,c2,c3,c4,c5,c6];

i2 : I=ideal(c6*c5*c4*c3*c2*cl*cO-1,...
02 : Ideal of R

i3 : G=gb I;

i4 : g=gens G;

1 209
04 : Matrix R <--- R
i5 : g_0
o5 = | cO®+cl+c2+c3+cd+c5+c6 |
1
\‘05 : R D

24 OO0OOOO
241 0DO0OOOOODOOOO

000 IcRR=K[x,....,x,h)00000000 cgUOOOOoO roogoooooon
O0mHUOO0O0OOO0.R/IODGUDLOUOODOO0ODOOODODODD MO KOODOOO.MOD
000000 (standard monomial) D OO . OO OO0, 00 /0000000000 JOO
gboooboo.bobodg,obbboooobobboboooo,bbuoooobbboooobbn
ooooooooJoooob./oobooobooboo,booboboobbOooD.
OO0 R/JOQ-0O00O00OO basisOUOOOOOO.dimgR/J=dimgR/I000,000
0,K 0000 /0000000000000000.



s Macaulay2 D O 00O OO0 OOO0OOO0OOOO N

il : R=QQ[x,y,z];
i2 : I=ideal (x"2*y"2-z"2,x"3-y*2"2,x 2%z 4-y " 2);
02 : Ideal of R
i3 : J=ideal leadTerm I
3 22 32 5 6 24
o3 =4dideal x , XYy ,Vv2Z2,VY, 2, X2Z)
03 : Ideal of R

i4 : dim I
04 =0
i5 : S=R/]
o5 =S

05 : QuotientRing
i6 : basis S
06 = | 1 x X2 X2y X2yz x2yz2 X2yz3 X2z X2z2 x2z3 Xy Xy2 Xy3 xy4

y4 y4z y3z y2z y2z2 y2z3 y2z4 y2z5 yz yz2 yz3 yz4 yz5 z z2 z3 z4 z5 |
1 52
o5 : Matrix S <--- 'S

N J

242 00O0O0OODOOO

Macaulay2 O 0,00 000000000000 00 @OOOO0ODO,00000000
gboobo)gbbobuoooobobooooob.obbbuooobobobooogon.

e remainder(f,g): fU gUO0O0O0O0O0O rOd.
e quotient(f,g): fU0 gUDOOOO ¢gOODO.

e quotientRemainder(f,g): fU gUUUDOO ¢, 00 rO OO sequence (g, r) U 0T 0.

00 fO000,g0000000000000000.¢00000000000,0000
000000000.¢g000000,g9+r=f0000¢r000000.000 ¢g00
0000000000000000000, gugo+-—+qg=0000 g,...,q 0000
000000000.000000000000000,0000 7,J000017cJ000
0000.000,/000000000000000 GOO0O0OO0000,/000000
006000000 0000000000000 00OODO.



r gooboooogon N

il : R=QQ[x,y,z];
i2 : I=ideal (x"4*y " 2+z " 2-4%*x*y " 3*%z-2%y 5%z ,X"2+2*x*y " 2+y"4);
02 : Ideal of R
i3 : G=gb I;
i4 : g=gens G;
1 3
04 : Matrix R <--- R
i5 : f=y*z-x"3;
i6 : remainder(matrix{{f}},G)
06 = | -x3+yz |
1 1
06 : Matrix R <--- R
i7 : remainder(matrix{{f°2}},G)
07 = | 2x2y3z+2x3yz+2y2z2+2xz2 |
1 1
o7 : Matrix R <--- R
i8 : remainder(matrix{{f"3}},®)
08 =0
1 1
08 : Matrix R <--- R
i9 : qr=quotientRemainder(matrix{{f°3}},9);
09 : Sequence
110 : gq=qr_0;

3 1
0l® : Matrix R <--- R
ill : g*q
0ll = | -x9+3x6yz-3x3y2z2+y3z3 |

1 1
oll : Matrix R <--- R
il2 : g*q-£f"3

12 = 0
O Y,

00000,0000171000 f /2 £00000000,Ael000000.40G60
00000000000.00000000¢0GO00000000000, ff=g000
0000.000000 f¢I00 f2el000.000 feVIOOODODOOO0OO.00O
00000, f¢ VIDOOODOOOOOOO. feVIOOOOO 244000000

243 OO0

I00000 K[Z](Z=XUY,XnY=0)00O0O00O0O00OO00O,ly=InK[Y]OOOO
0,X>>YO000O0O0D0000 <0000 /00000000 GOO0 Gy=GNnK[Y]O
0000000.000,Gy0 IO <y=<kyn00000000000000000.00
0000000000000000,000000000,000000000000000



000.6000000 Gy000000 selectInSubring 0000,

00000 INQZl000DONDNONDNODND. {xy>> {70, 000000000000
00000000000000000000000000 GOO000000,000 z00
00000000 GOO00000 G;00000. selectInSubring(i,m)0,00 mO 0O
i00@0000i>1H000000000000000000000000000000

aad.
ddodooooooooooooad ~
il : R=QQ[x,y,z,MonomialOrder=>{2,1}];
i2 : I=ideal(x"2-z,x*y-1,x"3-x"2%y-x"2-1);
02 : Ideal of R
i3 : G=gens gb I;
1 3
03 : Matrix R <--- R
i4 : Gz=selectInSubring(1l,G)
o4 = | z3-3z2-z-1 |
N J

244 000000000O,00000,saturation, radical 00000 0O

000000000,00000,saturation, fe VIDOOOODOOOOOOOOOOOO
000.R=Kl[x,...,x,]000.

000000000
ROODDOOO I=(f,....fNJ=(g,....,q)000,:0000000000

INT=f, .. tfiu(l=Dgi,....,(1=Dg) N R

goboo,0b0bugdobD Kix,...,x:]0000. 000, 000000000000
gbooooogon.

goooo

)
RDDDDDLJDDDijzuyﬁanDD.J:@M“@DDDIJ:(WL
i=1

(e)000.1:(e)0 T:¢000.7T:g=(0UNn{g)/¢000.000,In()00000
000 ¢00000000000O00O000000.000,7:J000000000
Oooooo.

saturation

00 l
RODOOD 7000 1= Ja:/m000.J=(g....e0 00 1:7=( |+
m=1 i=1

(¢))000.1T: (g0 1:¢°000.1:¢°=U+{g—1)NROOD.O00000O
000000 Klxy,...,x,]0000. 000 saturation 0 000000000000
oo.



e feVIOOO (radical D000 O00DDODO)

Macaulay2 00O OO, 0000 L, D,..

K[)Cl,. .

ROOOOO L feROOO, fe VIe I+(f-1)=K[x,..
Lx, 10 I+¢f-1)0(@00000000)0000000000 {13000
00000000, feVIODODOOOODOOOOOODOODOOOOOOOOO.

SX, 1000 I+(f-1) =

.000000 intersect(/4,5,...), 0000 I,J

Oo00o0oooOoooI:J0d quotient(d,J), saturation / : J* 0 saturate(/,/)0 00000

od.
s ogoooooo ~
il : R=QQ[x,yl];
i2 : I=ideal(x"4-y"5,x"3-y"7);
02 : Ideal of R
i3 : Il=quotient(I,x)
5 4 32 2 7 23
03 =ideal (y -x, Xy -X,X -XYVY)
03 : Ideal of R
i4 : I2=quotient(I,x"2)
2 2 5 4 6 3
04 = ideal (xy -x, 9y -X, X - X*y)
04 : Ideal of R
i5 : I3=quotient(I,x"3)
2 5 4 5 3
05 = ideal (x*y -1,y -Xx,X -Yy)
o5 : Ideal of R
i6 : I4=quotient(I,x"4)
2 5 4
06 = ideal (x*y -1,y -x)
06 : Ideal of R
i7 : J=saturate(I,x)
2 5 4 5 3
o7 = ideal (x*y -1,y -X,X -Y)
o7 : Ideal of R
i8 : I3==I4
08 = true
i9 : I2==I3
K\09 = false )

0000,2420000000 feVIOOODO,00000000000000000.
00000000 (13000, feIDODODOO.



s radical OO OOOOOO N

il : R=QQ[t,x,y,z];

i2 : I=ideal (x"4*y " 2+z " 2-4%*x*y " 3*%z-2%y 5%z ,X"2+2*x*y " 2+y"4);
02 : Ideal of R

i3 : f=y*z-x"3;

i4 : gens gb (I+ideal(t*f-1))

o4 = | 1|

3 AsirJ 0000000 gooonod
3.1 AsirJ00 Q00O

311 0000

e VxUDODOO,O000 KNOPPIX-Math-Start 0 0 0 0 00,
(openxm) 0000000, 000000000000000000000O00O0O00ODO.

e 00O ODOODOOOODODO.
Asir 0000000000000 00000O0000, openxm fep asird 00 00.

312 00O0,00000

0000 help("function") DO OD. 00000 O0OO0OOOODO Math-Doc-Search U
O0O0,helphQ UO0OO0O00DOOO0OOO0O0O0O HTIMLODODOOODOOODOOODO
goo.

313 0O0Oooogooo

0000 lecadUOOO0OO. O0OO0O ASIRLOADPATHU OO O DO UOOOOOODOODO
gb.0bbb,0b0b000 openxm envU OO OOOOOOOODOODO.

32 ODO0O0OooOoooon
321 0O0OOOO

AsrJ00g0ooooooboobogoooo,0coooooo,bo, _(ooboobob)boo
googoboogobo.ogoboogoboooboooobo,booboboobboob
gboboboooobobobooooobobbuoooob.boooobbobooogbooo
gbo.odob,ogooboob,gogobbbuoooobobboooobobobooooonoobon
gboboggbooo.bogg,ogoboboboooob,obbbuooobboooboboood,
goboobbbodogoooob.goo,bbbbodooogoboboobobbooooooobn,
gboobobuoogobobobodag,bbuoooobbbooda,boooobbbuoooob.
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ooooogd
[1518] F=(x+y+z) " 2;

X 2+(2Fy+2%z) *x+y " 242%z*y+z" 2

[1519] G=F+u;

X 2+(2%y+2%Z) *x+y " 2+2%z*y+z" 2+u

Ooooobobobob,Asrd000o0o0o0bobobobobobobo.obon
go,gbbg,buogobuogbbuobbuodgbboobbog,gob,oobooon
gbboboodg.ogodgo,buoooobbooooobbbo,obbbooodobbb
obhoboobooboo.0coobooboob.Asrdogo,0bgbooboooon
oboboo,gobgoboboboboobooboobo.obooboobgoob.

322 00O

Asir 0000, 000000000000D0000DO0OOD. O0ODOODODOO
guoooouooobob. ooouoobbbbboooooooobobobobbooooo
000000000. 000,00000 [xy.zuwyv,wl 00000000, x*yzulvew' O
(a,b,c,dye, H)OUODODUOLOO.pnOD00OO0ODOOOO0OOODODODO,0Db0ODODODO
oboobog.

e OOOOOO
ooogoooo.oboobooob,1oboobbo,2boobobooobo.g
gbo,g0bbbuogoobbobuoooobbbooobbbooan.

e O OOOOO

[[01,m],[02,m],....[0,n]] 000 00000000000.000,0000000
00 ny,ny,...,mp(m+-+m=n)0000000000,;000000000000
000, 00000000000.000000,1000000000,000000
000000.00000000 [[0,7],[0,7]]00000,000 », 0000000
00000000o0ooon.

e JOOOOUOU

mxn0O0OO MOOODODOO.000,000000 e=(e1,...ve0), f=Frvennsfo) O
00

e>feMe-HUOUUOUOODODOOOOO

gboobboodgt.Mmooooobooogon,

- 000000 edOO Me=0se=0
- goooonobbbooooobn

gooboooobbboooo,ooogooboboooobbobooon.
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Odddd,dp_orddd000O0OOOO0.00000O0O0ODODOODODODOOOOOOO.
e gooooooo ~
[1532] F=x"2%y+y " 3*z+xX*z+x+1;
y*x"2+(z+1)*x+z2*y " 3+1
[1533] dp_ord(®)$
[1534] DF®=dp_ptod(F,[x,y,z]);
(1)*<<0,3,1>>+(1)*<<2,1,0>>+(1) *<<1,0,I>>+(1) *<<1,0,0>>+(1) *<<0,0, 0>>
[1535] dp_ord(2)$
[1536] DF2=dp_ptod(F, [x,y,z]);
(1)*<<2,1,0>>+(1)*<<1,0,1>>+(1)*<<1,0,0>>+(1) *<<0, 3, 1>>+(1) *<<0,0,0>>
[1537] G=F+u;
y*x"2+(z+1) *x+z*y " 3+u+l
[1538] DG=dp_ptod(G, [u,x,y,z]);
(1)*<<1,0,0,0>>+(1)*<<0,2,1,0>>+(1)*<<0,1,0,1>>+(1)*<<0,1,0,0>>
+(1)*<<0,0,3,1>>+(1)*%<<0,0,0,0>>
[1539] dp_ht(DG);
(1)*<<1,0,0,0>>

.
gooboo,00b F,cU0lbbbOuooobbbuddd. dp_ord(®) OO O DFOD DD
oboboobobobob,dp_ord(2) UOD DF2U0O0DOOO0OOOOO.00,DGO,vd00
gbobobooodn,<<1,0,0,0>>000000000.dp_ht 00 (g 1),dp_hcl
obod,dp_m0O00000000000.OO0O000O0O0O000O0O00bO00000bO000
o,gbgbooooboboobobobyoboobobuobboob,bobooboon
DbOobo0obo00db.Macaulay2 DO 00O, 00000000000000DO0.

33 Joooooooon

goob,goobobbboobobbbbodouggoooooooo.bbbbbobbb
OboobdegrdboobO0bdgrdbdoboobboonDbO. bod, KNOP-
PIXMathOOQOOOOoOoooooooooo,00bobobooobobuoooobobog
gooo.

Asr0 0, 00000bo0boboboboboob.bob0bobobobobouobnon
gboogob.bboogboooboooboobboobboobboda,oobooon
gbobobooooobbooooobobbuoooobob.ooooboboboooooooo
go.

e nd_gr(Plist, Vlist, Char, Ord)

PhistDOUO0OODOOODODOODOODOO.ODO0DO0OO VL, DUOODO Oord00O00O0
OO0o0bobooobooboboorhisndobobooooboobon. Char=0
DoOOob0o0boU,Char00000000O0 Faep, DOODDOO.000O0D0OODOO
gooog.

e nd_gr_trace(Plist, Vliist, Homo, Prime, Ord)

12



gbooogdbbogboobooogoboogb,gbbuogbbobbuogbuogbooo
gbboooodgbobobooodoabn.

PhistUDOOD0OOODOOODOOODOOO.O0b000 Viise,JO0DOO Ord000O0
OOo00bO0boboobooobobobopasny000b0O0O0oooooobOn. Prime
D100bogboo.(obuoobooboboobdby)yHome D 1000,0000
boboboddd.Hemo 00D OUOO0O0OODLOOOOOODO.ODDODOOOOO
Doogoo,go0boobboobogbbodb,Home=1000000000
O00. Macanlay2 00D OO O0O0O0OOO0OO0OOOOO0ODOO, 0000000000
D000, Macaulay2 U D OO DOO0O00OO0DOODODOODOOOOOO0OY

e Asr OO DOOO0Oooood ~N

[1517] load("cyclic")$
[1527] C=cyclic(7);
[c6*c5*cd4*c3*c2*cl*cO-1,...]
[1528] V=vars(QO);
[c®,cl,c2,c3,c4,c5,c6H]
[1529] nd_gr(C,V,31991,0)%

2.016sec + gc : 0.072sec(2.089sec)
[1530] nd_gr(C,v,0,0)$
Goooood)

[1530] G=nd_gr_trace(C,V,1,1,0)$%

19.54sec + gc : 5.428sec(25.02sec)

[1531] G[O];
(((238539226659020007130662*Cc6*c4-282765997082979724500242*c5"2-. ..
[1532] length(G);

209
N J

00000,00000000000 cylic:70000000000000000000
0000 Fae 00 000000000000, 00000, Intel Xeon X5470 (3.33GHz) [
000000 @000).000ndgr000000000,2000000000,000
00000000 Q000 nd_gr)0,000000000000000000000.00
0,nd_gr_traced Homo=1000000,25000000000.0000000,00
000000000,00000000000000,Heme=1000000000000.

000000000,0000000000000000000000000.000 G
0000000 G[HGD000000)000000

34 000000
341 DOOODOOODOOOO

AsrJO00000D0O000DOO00O0OO0,000000000b00000O,0000D0DO
gboobobooggb.ogbobo,gbbbuogodbbbdpptodd 00 0OOooon,
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dp_htUogoooboogoooboboog.ggo,bbddp_dtop 00000
oboobooboobgooboo.gob,obobbOo0b,dpombased 00O, 00000
gbooooogan.

e Asir 00000000000 OOOO N
[1517] B=[x"2*y"2-2"2,x"3-y*z"2,x 2%z 4-y"2];
[y 2*x"2-2"2,x"3-2"2%y,z2"4*x"2-y 2]
[1518] V=[x,y,z]$
[1519] G=nd_gr(B,V,0,0);
[274*%x72-y"2,-y 4+4276,-y 2%x+y"5,-2"2%x+z2 2%y 3,y " 2%x"2-2"2,x"3-2"2%*y]
[1520] D=map(dp_ptod,G,V)$ H=map(dp_ht,D)$
[1521] [1522] map(dp_dtop,H,V);
[z74*x72,276,y"5,2" 2%y "3,y " 2%x"2,x" 3]
[1523] map(dp_dtop,dp_mbase(H),V);
[z75*%y"2%x,z 4%y " 2%x,2"5%y*x,z2 5%y 2,z*y"4%x,z"3*y*x"2,...]
[1524] length(@@);

52
N J

342 00O0OO

0000000000000 000000000000000000 p_.nfd00 p_true_nf
Oo00.0o0o0,000000o0oo,oo00o0oooooo, oo obobonooooonon
O.000,mrum,den] 00000000, num 0 p_nf 000000, num/den 0 00000
ono.

e oooo N
[1517] B=[u2*u®-2*u2+3, (2*ul-1)*u® " 2-ub-2*u2,2*ul”"3+u2+41$
[1518] V=[u®,ul,u2]$
[1519] G=nd_gr(B,V,0,0);
[10%u2"4+126*u2”"3+637*u2”"2+(586*ul-907)*u2-816*ud® " 2-588*ud®-216*ul”"2-...]
[1520] Q=p_nf(u®~5+ul”5+u2°5,G,V,0);
2851262910%u2"3+30078832770*u2"2+(22194374760%ul1-21995962245) *u2-. ..
[1521] QR=p_true_nf(u®"5+ul”5+u2”5,G,V,0);
[2851262910%u2"3+30078832770*u2"2+(22194374760*ul-...,35373600]

343 00O

24300000000,K[Z1Z=XvuY,XnY=0UO0OOOO /000000000
ULy =InKlY]OOOODOOOOODODOOoOooouooooooooooo.boboobooob
UbO000000 nd_gr_traceJ 000000000 DOOOO0ODOO. 700000000
gobbbdud ecud n,dbbbbudd Gyuooobibn,elimination(U 0000
primdecmod D 0000000000000 OOOO)DODO.

Ooooo,p00b000ooboon Wo,ul}>>w2)000000O00O0O00O0O0O0O0ODOO0O
O0O0D0,elimination0 00 x20000000000000000.

14



r ggooboood N

[1518] load("primdec_mod")$

[1664] B=[u2*u®-2*u2+3, (2*ul-1)*u® " 2-u®-2*u2,2*ul” " 3+u2+4]%

[1665] V=[u®,ul,u2]$

[1666] Gl=nd_gr_trace(B,V,1,1,[[0,2],[0,111)$

[1667] elimination(G1l, [u2]);
[8*u279+72*u2"8+292*u2"7-2036*u2"6-198*u2"5+20682*u2"4-57429*%u2"3+...]

344 U0OO0ODOOODO

00000000000,00000000000000000 InK[zZ]000000.0
000000000000000000000,/00000000000,0000000
0000 INK[zZ]0000000000000000000.gr00000000 minipoly
0,000000000000000000/000000 fO000,m(f)el000000
0000000000000 mOOOOD.

00000,00000000000000 katswra—-70000,«7 0000000
minipoly 00000000, minipoly 0000,000 (G,V,000,0000000000
0,,70,00000000000000,:0,00000000000000.00000
0,v00OOOO0OO0OO0OO0O0O0000000.0000,0000000000000000
0000,00000000000.

- 00000000 ~

[1518] load("katsura")$

[1522] B=katsura(7)$

[1523] V=[u®,ul,u2,u3,ud4,u5,ub6,u7]$
[1524] G=nd_gr_trace(B,V,1,1,0)$%
[1525] minipoly(G,V,0,u7,t)$

[1526] deg(@@,t);

128
N J

345 00000 0ODOODOOOO

ooobobgoboboooo,bob,bobboobobobooboboboboood
OO000o0oboobogo,dbdlb Buchberger U D ODUOODOODOODOODOOODOODO
obogobo.oobobobo,boobooboobooboobooboobo,boon
gobobobobbobooobbbbobbotboddoooooooooooboobobbooboooh.
gorJ0000000 tolexO, 00000000000 DOO0OOOOODDOOOOODOOO,
gbobogobogobuoobobooboboobboo.gobo,bboobboobbaob
O00.0000katsura-7000000000000O000O0DO0O0OODO0OODOOODOO
O0.000 nd_gr_traceJ 0000000 0OOOOOOOO,000000000000
gbooboooobooo.
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gobobooooboboboooobobobooodn

[1524] G=nd_gr_trace(katsura(7),V=[u®,ul,u2,u3,us4,u5,u6,u7],1,1,0)9%
2.676sec + gc : 1.356sec(4.032sec)

[1525] G2=tolex(G,V,0,V)$

279.5sec + gc : 57.68sec(337.5sec)

346 UODOODOOO

OOobooobooobo,b0bb00,sawmration 0000000, 000000000000
oooobobdoobooo,obobooboboooobob,boobooboboooobon
obogobobo,bg0booboobo.0buodb 2440000,

4 00O

gbooboodbbuogobobo,bugbboobuogbbooobboob,obbuoabn
gbobobuoogo.ggbbobooggbobobooooboog.

1. 00000000000, Macaulay2, Asr OO DOOO0O0OO0O0O0O.

(2 000000000000.
() 0OODDO0O.
() 00000000000,

2. Qlx,y,Zl 00000 I = +z,xy+y* +2,x2-y =292,y + 3y°2+ %), J = (& + 7, xy +
V+z,x¥—y)000000000.

3. fi = 3xX%y22 432+ (=2x+2)y+2x, o = 3y +(—xy*+2)z—-2y*+2y, fz = xy*° 2 —2y2 —z-2y+ x>
D00, I={/i.ffcQlxyz000.
() dm/=000000.
(b) dimq Q[x,y,z]/I0000O.
o I0x>y>z00000000000O0OO0O0O000O {go(z), x—g1(2),y — g2(2)}
O0O00D00oooooooog.

4. f1:X2+y2+22—9,f2:3)€2—yzz, 3:X2Z—2y2+2|:||:||:|,f1:f2:f3:0|:||:||:||:|
(x,y,peC*000000.

5.0=35,8=5000.
(@ a+p0 QUUOUODODOOOODO.

b L 0epO0000000O0O000.

6. (AsrU 000000 boooboooboob)oboobbobo,b0gbd, saturation
OO000D00Oradical DOO0OO0O0OO0O0DOOOOOOODODO.
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9H15H (kKEH)
(%1) 10:00~12:0
rv»:7§§t§ﬁ 5] | .
A BB (RRAFAFRERET FRHFR - IST REST)
B B (BREAXFRFREBIZHAEE - IST CREST)
[HE : RERFHEEIL. JUVTF—HEEEROBRAZADIGALE LT, B<MSEEINTELEDH
ND—DOTh>d, ABETIE, £9. —HRBHEDHEZEFREAS T 7IIFAERBBEOMICEREHRT S,
RIC, RERFTET— I DSHBEOISEDORFREEZ, JLTF—HE (RIITEEK) #FfHALEE
YTHAINOETETTIAEICDVTHRT S, ]

(GEE1) 14:00~ i
)L 7REEREREE) .
Pl FE (EXREREREZEHMIE - IST (REST)
Al WK (MERFERZREBFAFAIE - IST REST)
ME: b=V oA T7IEE>/-. BHGEORE RTUEESORILFOREERET
3, YVATAELTIE CoCoA, 4ti2, Risa/Asir EEFIAT S, A LIFOFEEERELT, <
A7REEFRALEEYTHIVOEERET S, ]

Xy

Ysto






RIVATEIE L RERGTE

HRA 15RETL - JST CREST TH&Z#&E
EREX BT - JST CREST HAH

2009 F9H 15 H
JST CREST Groébner School

-

3. RERFELETIVATEE
o 2 KHERER - HHAUEE
o 2 KAERER - —ERREEHE

ToHEE

o X : BHEIERTH
e 1 : X ORBE
o X,z |&, IEEEH {0,1,2,...} DiEELS.
SRTHRZRIEAF T, B2 0ERIHRFTRIRT 3.
BRI,
X = (X)) = (X1, X, ..., Xn)
X = (X)) = (Xi1see s Xigyo s Xise o, X1)
Pr(X =) = Pr(X;; = a;; for all i,j)

(Ex

1. DEIROEZHHRE
o TOEE
o 2 x 2 DEIROMIIETIV
o MELURTE
o I x J EIROMIIEDRE
2. RIVIATEE
e JIVOATEE
o 2 THEROMIETIVORIVIATERE
o 3THERDE 3 AFREMFAETIVOIVATEE
\ o RIVATEEREATTIV

1. FEIRDOEMIRE

-

o p(x) = Pr(X =x) : X ORRHH (FEREH)
p(z) I, N5 A—2 (BH) THEMISh3.

o [EFE] —MRIT, SRTHEEHR X OB (FistE) =
T(X)=(T\(X),...,Tx(X)), INTA—=E% 0= (0y,...,
3. TZ5ZEED X ORISR

ple|t)=Pr(X =2 | T(X)=t)
B OILESHEVNEE, T % 0 DTHRFEELX.

Bz (T ZHNIET+5), £V 5 Ekk.

\

o DX Y, T OEEHM>TLIIE, X IFZhLL 6 ICEET 318H%

/




e I
o [EE|(DREE) T B 0 O+HFEHETH B LHOBBE+HEM
&, X OREHTH
p(@) = h(z)g(T (x),0)
DRHRTESTETHS.
o [EH] p(z) B,

.
p(z) = h(z) exp (Zn(m)w](o) - c(G))

j=1
EEIFBLE, (K BE) BHESHRIRE LA
o PREBLY, (Th,...,Tx) & kERT+IHAETHS.

N /

a N

2 x 2R BROWITETIV

o BRED 2 x 2 BEIRELTIFES5NS 3 DDHZBNT S.

o WINDIFEEE, BuHAH 2D T3 DDERICBEENHZD ,
D&Y MTLFIDMIE) THB.

o MTLINMIITHB) EWSETIV (RER) OTFTIE, B
BEICET 2 THRHEMTNETNMICE ST L Z2HRT 5.

N /

AT S—— N
Yo REEORITEM

X1 ~ Bin(ni,p1), X2~ Bin(nz,p2), X1 L X
p1: BAVEEORIEHESR
po: BEEDOEIERER
HAME BE JEEE S R BYE JEEME S5
BAYV | 1 |mi—z | m BAHY | p | 1-pm 1
BEE | 22 |no—a2 | no BEE | po |1-p2 1

o X = (X1, Xo) OWHERDM
p(x) = <m) <nz)pg{1(1 —p1)™M 52 (1 — po)"2 T,

1) \x

z1=0,1,...,n1, 22 =0,1,...,n9

N /

a N

o KEHR TS DI, TNTHEEESHHRICTEN, SRITOBH
ZHD.

o KBETI, B 0 %, BRDHHHY A LEKDOGVEE
(BNEE) ¢ |CHRT EHER

0 < (X 1)
EEZX,
Ho: A=(0,...,0)
Hy: A#£(0,...,0)
DREDRERBEEEZS.

o 7, 2 x 2 HEIRDOHFITIHAT 5.

N /

a N

Bl 1: BHAMELN IR 2 IBDEIC LD 5158

BAHVICHT BEEDY R ZHND T, BHVEBE 20 A&
#EE 100 AL, BEORERBEOFEEZHREL LT

%, UTORREFR. BWEBBREHVICERSZEVAZHD?

| mEESY REEGL | 8

BhHVEE 14 6| 20
BEE 56 44 | 100
(B fEIZLRZE)

NS /

a N

o BHUIL (p1.p2) THY, 2 RT.
o BHEH

e (1 = p
V= log 2 )\Zlogl)l( P2)

1-p2 p2(1—p1)
HEZD. WEBR
B e¥tA B e?
Tlgery 2T

p1

o 5 (BHAVHED) L5 (MEBOEE) ML) &SRS (O
TEFIV) IE, A= 0 EEETHB.
AU, Sy At E KiEh B8, ESFETEEDNB.

N /




a N

o HILLBEICEYT 5HESH (BRESFK) :
p(x) = (Zi) <Zj> exp ((z1 + @)t + 1 A
—nylog(1+ e’ ) — nylog(l + e¥))

o 2T, Hy: A=0 DFTTR, X; +X; BBy O+HREET
H%.

o ni,ny NEEGDT, THMABZEET BT &IE, 12x2 5
ROTHETIH ZINTEET ST & LFIE.

N /

13
/’ X = (X1, X12, Xo1, Xo2) 1&, ZIEDT (4 THS) \
M(n, (p11, P12, pa1, P22)) K LTeB S, LIRET ZDHEA.

o x;;,pij WIATF (4,5 =1,2)
HiE 5% BR 84 BE 5% BR &

wE z11 | T12 ]’E | pu | pi2
g L21 T22 ik P21 P22
at n Af 1

o X = (Xi1, X102, Xo1, Xoo) DHEEDT

n! T11, T12, L21, T2
P pTieptan T
Ill!x12lx2l!122! 11 12 P21 P22

P11+ piz2 + p21 +p2e =1,

p(x) =

T11 + 212+ Z21 + T2 =N

N /

a N

o 17 (REICITHY) £F (ZRBURL) HIRIT) &V S1RER (i
TIL) &, A =0 &XRENSB.

o HLLBHKICEY HERNH (BERESHK)

n!

p(z) = exp ((z11 + m12)1 + (v21 + Ta2)h2 + w11\

21121201 [0)!
—nlog(1l+4 ¥ +e¥2 + ewl+11/'z+k>)

o 2T, Hy: A\=0 DFTIE, (X11 + X12, Xo1 + Xoo) DEHE
(¢1,%2) DTDHREAETH 3.

o n BEIELEDT, +TORHBZEET ST &I, 2 x2 HEIRD
FRETIH) ZIRTEET ST & ERFE.

N /

Bl 2: HAENSERHIC LD S15S
EBDOBUANDBLERANS =8, HEET 100 AlL,
(1) EFROVThESZRT B

(2) SEIDBEETREICITD

RV BRIEUTOLSIKEfe.
SRHERERERICIEEDH D EWVZEH?

ER%R BHR%E | &85
KBET3 22 43| 65
EEITD 14 21 35
&t 36 64 | 100
(EhfiEl32eZE)
N
14

-

o B p = (p11,p12,p21,p22) 1 3 RIT.
o B

12

P = logg 1o = log %, A =log Pupz2

22 22 P12p21

EEZS. WEHIE

e¥1tatA
pu = 14 e¥1 4 e¥2 4 e¥r+ia+A’
eVt
P12 = ; DEEEes )
1+ e¥1 + e¥2 4 e¥1ti2t+
ev2
b= mo T ey PRTEEPESY
P22

T 1t et + eV 4 etitata
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Bl 3: HAUEDRT V U BHIc LA 3158

HBIIHTIE, HEFETETIFSNIRADRRIBDELD
Pa BRRBEEEANDB DI, 2i8Y OBNERR (R, &) &
284 DR (A,B) DESEILOVT, FAREDERZRI LT .
BRIZUTOL S Ichofe. BULERBORE & MIEDEEZ,
EDESITRET ZONEE VR BT
| mi% A BEB
RS 5 12
FERER] 7 6

(BfEIZRZE)

/




a N

o —R, L2 LLRRGHMHDEL, (REFH, flE A) OESEHH
BERZS.

o LAL, MBVLIPESR & AEOBREOR LM LEZNIE,
TREIFHE] ICBIT2FRB&EE (5+12=17) W& TESREL IZH
ITZARREE (7 +6 = 13) DARPELDT, (KBS, AE A)
DEEEDOADEHE L.

o &R, AID 2 FlEERR, MRIETIVOHTIIEYESR] OFHED
HEEES.

N /

a N

o B (11, 2. po1, poo) 13 4 RIT.

o BEZH
" " 7 (12
o = log piaa, U1 = log B2, 4y = log F2L, ) = log 2112
22 H22 H12H21
HEZD. BEHRIE
pyy = ePotViEvaRd okt o Yot ) = et

o 1T (BMOERBSR]) &7 (ARIRODRERE) HIhIL) LW SMREE (i€
FIL) &, A =0 &ERETNS.

N /

21

a N

FEH

o 3200, T—R2DMY A (Y TV A X=EET ZHED, &
&) BREZ1H, (RET BN (2 EHH, ZIESH, K7V
VN b, BRORTLREES.

o LHL, BROMRITIANT, 7LFEDMIE) ERRTES.

o BENGHEHEMICLY, MTLFIOMIIETIVI %, 1 RTHE A
IR B IREIRER

Hy : A\=0

ELTRTTEDTES.

o TOEE, BYD ENKOLGVNEE (ChIRBABSEKIENS)
LT BTHBEHRIE, 2 x 2 HUROFNEFTMELS.

N /

23

f. X5, 1,5 =1,2 : REAEIEI Z2FRKHDEL \
Xij ~Po(usy), 1,5 =1,2, Xy l&TNTHIL
iy : SEERICBII ZFRBOWHE (B(X;;) = )
HANE AMEA MEB  HEME AEA BIEB

REE Ty T12 REF Hi1 Hi2
bl T21 T22 R H21 H22

o X = (Xi1, X12, Xo1, Xoo) DWEED

5 . y

20

o HILLBHKICET 5HELH (BEESHK)

1
p(z) = T T &XP (11 + w12 + w21 + 222)%0
2111212101 100!

+(z11 + 212)Y1 + (211 + @21)V2 + 211 A
_(Ed'OJrU)lJrU)er/\ 4 e¥ot¥r 4 ovotiz 4 t9]74“'0))
o 2T, Hy: \=0 OTFTI,
(X11 + X2 + Xo1 + Xoo, X11 + Xig, Xo1 + Xo2)
DEER (Yo, 1, 12) DTDREAETHS.

o ZORFEL, THMABEZEET BT &IF, 2 x2 FRIRDITH
L5 ZIRTEEY 5T & LRIE.

NS /

22

MASLBEEZRELEWVWET IV TlE, BRORTIET—2DRT

IZELWL. BIZIE,

o Bl 1 (317 2 EHHE) TlE, BE (p1,p2) & 2 KT,

o Bl 2 (41853%6) TI&, BE (p11,p12,p21,022) & 3 RTT
(X py; = | DEIIHBZDT).

o fil 3 (MIL/ERT Y V93FR) T, BER (111, pa2, po1, po2) 1
4 .

COESHEETIVE, BHIETIVEWVS.

AEE TS BEIE,

Hy : MBHORXRTHDEWL, BHETFIVOYTETIV] vs

H, : MEMETIVI

DIRERE.

24




a N

Remark
o REHFTIE, IGRIIC, BROWNHEL>TEAB T LEHBL.
TNFETRTERERERIG, HBSEETIV
log pij = o + Y1i + P2 + Aij
IEBVWT, BRORTHES LS ITHEHGHWEANTEETELE
LGS,

RIAETIE, BRONHELSTIC, BEXDELTEZSTLES
L (toric model). FIZIE, 2 TABROMIIETIVTHNIL,

Pij = a;fj;

EEITFIELL.

N /
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e N

BILURTE
o AEHRTIE, IFEIRER
Hy : A=(0,...,0)

DIREREEZ, BNAFKICET 2 ToMARZERE LR IDH
126 EDCREMNREL LTRSFEERBNT 5.

o ZHOLSLIRER, HEREL LIENB.
o 2 x 2 S3EIRD 3 DOFITIE, BAMEL Z DT, FURNZFH—HIC

Tl | T12 | Ti+

T21 | T22 | T2+

\ T+l T2 T4

27

a N

o DS, RMIDHEZEZB T LITELY, BABRITL ST,
e, (T2 DM BIKE L TRE Z) RARE LIREESH
IKEESLVERET S.

o 2x 2 FERDATHNEZ, BIZIXHARRE
Hy : =0
H, : A>0

THhIE,
X11>c = Hy ZFH

EVSREARDBER.

N /
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a N

ZDIHES, BEORTEEHE B HICELERINZANGITN
BESHEVRIBFRLEDT, &R, ALLSGEMEEZZT LI
%%. LHL, fIARSESHEDISE, BB

n! o n! z s
p(x) = plii = ol B+
H1,] x5! l_][ J Hi,;‘zw! (1:1 1;[ /

&Y, TNEFRMD+IREARITE S T LHDD .

o WHT (HEHETIV) BEEZZTLDA) Y b
BEROBERHS LPI L.
FHBETIE, T, REFOCHRNGREATSHS, WBEHETIV

THAET 3.

N /

a N

EBITE, RERBHIZTNT (BRI 21, D)1 EREHLEEY,

2 2
Tyylway oy lwg! 1

plan |2y oy, 0) = ————2TT]]
Tiq! x5!
i=1j=1""

<I1+> <1++ - 11+>
_ T11 Ty1 — T11
G
L1
EEITB. ThiG, BRASRELIINS.

o EBRMANM: TEDHIC, 1 EEVHRE 21, B, 2 LBV EE
zoy AN, ZTHSERLLT oy BZMYET. TOEE, B
DHLEERDS S 1 EEDPNHROYK X, DS

NS /

28

a N

COREDHREE (pfB) 13,

plE=Pr(Xn >an [ Hy) = D pl@ | 204, 210,741)

T>T11
LEITS. ZOEESTEL, BEKE o (FIZIE 0.05) ELBLT,
p{E <0.050 = H, #FEL
EThiELL.

o il : Hy PEERELEE I, ERICEShEF—2H
(H, OFHEIT) TENREHB LD EFELEL0D (BX).
COBRNEVE EICE, TSEONET, kERETALBLL
HREMET ol EEZBDEFRBEALE. DFY, H, I318Y TH
%1 LT B00, BEHRBREDEZ .

N /

30




/o BAY BE L BEEDH:

BEEHY BYEEGL | A5t
BHVEE 14 6| 20
REE 56 44 | 100
|t 70 50 | 120

(20) ( 100 )
T 70—z
pla1 | 120,20,70) = Mﬁou
70
20

pfE= " plx | 120,20,70) = 0.1818

r=14

Hy BEANTELGL. (BHVEEOAIRELLHEL (B0

\ 13, TBEEQDHEDBAVITHEYPRTL ) EIBLEEL.

J

31

T S ————

BEE 2 3 5 (8)
aft 4 4| 8 1
B9 RIIEORERH) OTTIE, +oFHENFLL

LUFD 4 DORER

3 02 1)1 20 3
2 3|3 2|4

. /16 6 1
MBS BRERIE, IEIC (ﬂ’ﬁﬂﬁ)

BYE L | BF ( 3 )( 5
SH: 2 1 3 T 4 —x
i plon | 8,3,4) = Sl o/

N
)

pfE = Pr(REOBRANE z1, =2 EFEBEU LI LWVERIESND)

\ —p(2]8,3,4)+p(3 | 8,3,4) =05

/

33

-

2 FTREIROMITHDIREDH (RBMIE 6)
B : SAEEET 5 & HERBOE T F OERAHE

ME\HR | 5 4 3 2 1-| &
5 2 1 1 0 0| 4
4 8 3 3 0 0|14
3 0 2 1 1 1|5
2 0O 0 0 1 1] 2
1- 0 0 0 0 1|1
&t 10 6 5 2 3|26

o ThiZ, 51755IMD 2 THEIR
o H : MSASEETH & HAMET FOMMEIEIRIT

-

35

e R TOFHE
> data <- matrix(c(14,6,56,44),2,2,byrow=T)
> data
[,11 [,2]
1,1 14 6
[2,] 56 44
> fisher.test(data,alternative="greater")

Fisher’s Exact Test for Count Data

data: data
p-value = 0.1818
alternative hypothesis: true odds ratio is greater tham 1
95 percent confidence interval:
0.697064 Inf
sample estimates:
odds ratio
1.824451

32

a N

I x J FEIROIMIIEDIRE
o RIT, —fRD I x J DEIRDMILETIVOREICDOVWTHINS. T
DIBE, N EERTTHY, Hy 3EERGEES.

o EZA 2 x2 DARDBELFL. 2%V, BLHLBHERICK
Y, B8%E (p,A) EEBRL, BABE  IKRT R TORHEZRE
TE LIRAHIIRE (IBLURTE) 2175

o IfEL, RN HIEZSRANHLLY, BULRERTIEEZER
DHRENDHS.

NS /
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a N

o X = (X1, Xi5,-- -, X51,. -+, Xs55)
o ZOHBANDBARGETIVIE, KEHK n ZEE LIZESHETIV

!
=TIy Sps=1
Ha:,-,!
3 i ij

i
E Tij=n
ij

pi; V&, (i,7) RIVOEERRERERT B,
o BIMETIVOBRORKTTIE, [T — 1 = 24.

N /

36

p(e)




a N

o BT WHIRAZETIV
log pij = vo + Y1i + Y2 + Nyj
o BEICIE,

J
Z’@'u = Z’@zj = Z)\ij = Z)\ij =0

i=1 j=1 i=1 j=1
DFEAND. BT TILORTIERNIC,
1+I-D)+(J-)+{I-1)(J-1)=1J-1
EHL, (pij) & (Yo, 16, 25, Aij) DEBIE 13 1.
o WZTHIL D OEM (B

N /

37

/o BNEEIE \

%Y, 2 TARRDOITHESIMICES.
o [EI] Hy Db & TORMINHIE, STRBXMASH

Tyq! Hx,;]!
i

p(@ | @iy, 45, A =0) =

39

a N

o MWIREHORIFNE T IV TH BIREF, —MRIC, BEEREEL KIE
ns.

e Hy hERTETIVOBHEI,
BMETIVOBHEE — X DRI,
2% Y, RASE ¢ ORIT.

o REMAENEAME, H,, H, ODRTEFIOBHEDE, OF
Y, A DRTEED.

N /

41

~

o WIS, ETIVTIE, BBlEZhZh,
o i + BF 1 DKE i DEFR (BADKE DEHR)
o thy; : BF 2 DIKE j DEMR (HERIDORE j DEHFE)
o \ij + BF 1,2 OKEREGE (i,)) DREVERA (M EHERDRR
B (1,5) DRESER)
LIIRTES. (Th, HAFOEHRNGAHEE. )
o JEIMDIRERI,

Hy : pij = a;f; for all (i,j)
EEITS. Thl, FILLEEICOWT,

Hy : X\ =0 for all (i, 5)

LEEEES.

N /

38

fo AEB T, WIRH H BRMNETIVOBEDHEEZS. \

o DXV, AMETIVOBREEL ICHEEIRLT (v, 2) LBV
EE, BNABE ¢ OTIFFHEZEE LEREAIRICLEDE,
IRTERIRE

EEZS.
o [SALIE, WIMREADEMETILE Y BNEWNBEDIRE, FIZIE,
BED (¥, A, 1) EBIFBEEIC
Hy : \i=X=0
Hy : M #0, 2=0

\ DESILHRELEETH D, FHERETIIEIETS.

40

/o 2 THBIROMIIEDOMBEDIR S, REMEIL \
H, : X\ =0 for all (4,5)
H, : )\ #0 for some (i, )
ELh5%.
o RRMLIRE:
o N1 2RBRERTE
— )2
*(z) = 227: W > ¢q = Hy reject

i

o LELHRE

G*(x) = QZZ.'L’U- log Lig. > ¢ = Hjp reject
mi;

_ B )

42




/o ZTT, m = (my) l&, Ho DHETOHTIESHIE (fitted Value).\ /

ZEAHETIVCIE E(X,;) =np;; THBH5, m IE
mij = i BANE 2 = (2)
EEBENS. 2L, py; & Hy DHLETD p,; DREHETEE. 5 24 3 2 1z
2F Y, WAL ERL
5/ 2 1 1 0 0] 4
L =Const + Y _ z;;logpi; 48 3 3 0 0|14
. 3o 211 15
Z,A=(0,...,0) DEMTFTRAILLIEBD. 210 0 0o 1 1] 2
o HTIIDEIX, —hRICIE, EAIREETRDS. -/0 0o 0 0 1|1
2 FTTREIROMIIE TIVTIE, |10 6 5 2 3|26
iy — Tit Ty
T+
\ Lh5%. J \
43 44
Hy DEHETDEHTIEHME m = (myy)
5 4 3 2 1- |
5 | 1.54 0.92 0.77 0.31 0.46 | 4 o HEMOIE (p BOHE)
4 | 538 3.23 269 1.08 1.62 | 14 X2 (@) = 25.338 IREBEICKELD ?
3 192 1.15 0.96 0.38 0.58 | 5
2 | 077 0.46 0.38 0.15 0.23 | 2 (a) BRESFRSROFIA
1- | 0.38 023 0.19 0.08 0.12| 1 (v) EREE
Bl 6 5 2 3 |2 () E¥FHILAE
) (x5 —mij)? (2 —1.54)2 (1-0.12)?
2.0\ _ ij X _ _ a-
(z%) = 227: T T T 25.338
45 46
(a) BOESDFHEROFIA e R TOFHE
o Hy D& ET, Xz(m) IFBBEE -1)(5-1)=16 D > data <- matrix(c(2,1,1,0,0,8,3,3,0,0,0,2,1,1,1,0,0,0,1,1,0,0,0,0,1),
A 2 RDFITHBEIT LIH S, s data P neel®)
(FHEEY: HBHERREDHET, n— 0o & LIAERR) o L4 LA L3 L e
[2,1
Y Gl oo 2 i1 4
o 4,1 0 0 0 1 1
o BHE 16 DHA 2ESHDLA o N—EV bRE 50 o o o o 1
) EERT B e e
X16.0.05 = 26.30 TRDT, BEKE 5% Tl A BREMGRERD S LNERA in: chisq.test(data)
H, EEHEThEN > ves
Pearson’s Chi-squared test
o R R (sparse) R BIRICHT ZHEDTHHRD data: data
WTIEE Y IXE, X-squared = 25.3376, df = 16, p-value = 0.06409

47 48



> qchisq(0.95,16)
[1] 26.29623
> res$expected

[,1] [,2] [,3] [,4] [,s]
[1,] 1.5384615 0.9230769 0.7692308 0.30769231 0.4615385
[2,] 5.3846154 3.2307692 2.6923077 1.07692308 1.6153846
[3,] 1.9230769 1.1538462 0.9615385 0.38461538 0.5769231
[4,] 0.7692308 0.4615385 0.3846154 0.15384615 0.2307692
[5,] 0.3846154 0.2307692 0.1923077 0.07692308 0.1153846
>

49

-

o WEEANA 2 RIREDIEMHS p 18 :

p=Pr(’*(x) > x*(2°) | Ho) = Y g(x)p(=),
xEF
o) = { 1, if x2(z) > x3(z°),

0, otherwise

o M 1 #F BREWVELHEEDFKICES.

o

51

X2 (x°) = 25.338

p=Pr(x*(z) > 25338 | Ho) = Y _ g(@)p(x) = 0.0609007
xeF

1, if x?(z) > 25.338,
g(z) = .
0, otherwise

53

a N

(b) IEREE
o Hy DEETD = O (BEMSH)

(H ,’I?H,!) (H J:Jr]!)
—t s Nd )
Pl 4! H x5!
i
o 1780, FIFH z° LFLLWBEIRDES :

F = {12 ‘ Tiy =aPy, Tyj =39, X5 € {0,1,2,...} }

N /

50

5 5
(41141512!11) (1016!5!2!3!) T 1

p(z) = %!

;!
i=1j=1""%

'S

Tyl T2 T13 T4 T15

Tl T2 Tz T 25 | 14

T3] T3z X33 T34 T35 | O

F=4q x=(xy) (#F =229,174)
’ 2

T41 T42 T43 Ta4  T45

Ts51  Ts2 Ts3  Ts4 Tss

NS /
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a N

(c) EVTHIVOE
p=Y g(@)p(x) DEE, pla) BEOFYTIV @), ..xy ZBNT

xzEF

N
() ERETB.
=1

o N ZRELTNIE, FEDRHEE THETRE.
o ERDMEEICERFIEE.
o M I p(x) DIHEHMIEE, YV TIVORESEGHETEL.

FEH TR, TIVITEHENR LY Y TIVORESEEZBNT 3.
(RIVATEH - TV THIVOE)

N /

54




f. IV 7EH - EVTAIVOE (MCMC %) \
EERED Ho Db & TOEMIRTE p(z) IL—HIT 2TV TE
HEERT .

BHGAHRED S, +aKEEEE (FIZIE 50,000 El, 100,000 E
L) OREHRBETZIE, ZORRTIETIVI7ERIZEE S
ITINR LT WB EHEEZDT, ZTHSEDREREBEEEDH

DE5OY U TIVE LTERT S.
20 (1) () .., 5(100000) _, ,.(100001) _,
EEFEDSDY IV

Metropolis-Hastings 77/b3) XLl &Y,
F L CEESEEOTIVITEHEDLS,
EEDED p(z) IL—HTBIIVATEHEEBRTES.

a N

o [E¥](Metropolis-Hastings)
R = (ry) &, F LOE, MHEERDOTIVD 7EHDHHE
RTHETE. TOEE, Q= (¢;) %,
Qij = Tij min <1, ﬁ) , 1 F# 7,

Ur

quzlfzzﬁj

J#i
EERTNE, Q BFEHREREHBT.
o DFY, F LTHEKE, WHTHBES5HTIVITEED
(EABHEDTHEILDL ST ED) FFhnid K.
o KMHIDTHDEELERDHEIIRE.

N /

~

RIVIATEEDES

o x = (x11,...,275) : BEIR BEENRT bV, FINT MLET D)
o t = Az : BIET B THHEHE ((THIORTEL)
FIZIE, 2 x 3 DEIROIMIIETIVTHNIE,

Z11
Tiq 111000

12
Tot 000111

13
T = 100 1 00

Toy
Tyo 010010

22
T3 001001

T23

a N

o F={x,...,z;} (BHIBEM[MIShTNELTS. )
o= (m,...,ms) : Hy D6 ETORELDH ™ = p(xi)
o {Z;, t=0,1,2,...} : BEERiARE

o HWBREETH Q = (¢;)) :

Gij =Pr(Z1 = x; | Z; = x;)

o m HEFHER
=70
ERETEE, m EEEDMELS.

N /

2. RIVATHE

58

a N

e Fi={z>0| Az =t} : TOHHED t ITFLLDERDES
(t-fiber)
MCMC BT & > THRIIEED p EXFHET B18I,
BANE z° DEFENS t-fiber LIT, EEGHETIVI 7 EHEBRL
Tzl

60



~

o M ZUTTEERT 3.
M =Ker(4)
={z | Az=0, z D5 €{0,+1,+2,...}}
= { BT 5 THRAZDNITRNTLELOTHIEHRNI FIL )}
o M DEHZ% move EMER.
o z,ycF B BC M Ick>THERLERTRE

€ N>0,2,€B ge{-1,1}, j=1,...,N BEELT
N

n
y:m+25]zj D :c+Zesz €Fy, n=1,...,N
j=1 j=1

DY D

N /
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~

e YJVOTHEK (Diaconis and Sturmfels, 1998)
move DFMRES BC M D (A ILRTS) TIVATEE
Y 7B ¢ KR LT 7, PENEZVEDD B-REEEES

o QIVATEEHNRENE, EEOEANEICNT S t-fiber EITERE
HRIVATEHEHDER TEZDT, MCMC EIT K WELURED
p BENHETES.

o FBMD AIHLT, RIVATEENFET 3.
(BILNIV b DEEERE)

o ERD A IKHMLT, JIVATVEEEZHBETEZ7IVIY LSS,

o AHEBTIE, £, PERDIAFODMBICH LT, RIVIATEE
ERBNTS. 0%, IVIATEEQHET7 VI ALEEBNT 5.

N /

63

a N

Fi LOEFERET IV TEHEOER
Jr

 ORORBOHTHS (RIVITEEERT) .
Jr

7T XLOF)

o x € Fy : IREDIREE
o TDNRT, BIDORT S VA LIGER.
e VT o T T msvsLIES
ox D ADDYIVEEEEH — y
ey F BEIE y BRDIRKE
y & F: ol (ETHDBEELEICES) = ICBES

N /

65

o HHEZLEFTEEMIE, 7 NORMERRTHY, F & Blck>T
BREEESICHBEINDG. CORMEEE 7, O B-FEERETES.

62

(o R MEDHIE S L DT I TRE N

o x=(v11,...,215) + I xJ DHEIR, z;; €{0,1,2,..}

Zyp - Tug

) S xrrj
o EEY B +HMIEIZTMENM :
t= (14, Trp,Tq1, ..., 24 g)
o FRBICEZ SN t = Az’ ITHLT,
Fo={z>0| Az =t}
ElTEEETIV T EHEEY L.

\ ThidfE J

64

2 0 31 2 0 31
1 1 0 3]« 1 2 0 2
= = =
0 2 1 1|+« 01 1 2
T T

ERTE L ITRHLTH, F LOERETIVOT7EHEES.

N /

66




G FTHREROE 3 AFREFRETIVORIVIT7EE

~

= (Tijk),

1<i<I, 1<j<J, 1<k<K

T €{0,1,2,...}

\

111 T11K z211 - T21K
T1J1 T1JK T2J1  t TJK
o t=Ax:

Fr={x>0| Az =t}

LITEREEIVOTEEEEY L.

surprisingly difficult !

Zri1

Z1Jj1

TI1K

LIJK

TATD 2 RTTEDES {wij+} {wirr} {zrin}
o ERICEASNT t = Az° ITHLT,

67

o

2 BT BB

—  BRETh3<ILa7EHIE,

DD move % 3 FTTHEIRICEAICHLR

=1y

Nk ke
1|+l -1
jo | -1 +1

2 x 2 M move DEHEHEEE (2 x 2 x 2 basic move)

(TNEEFTIE, <IVITEEIRBESEW.)

L, T9RHEDEERET S 2x2x2 D move BEZ 3.

~

ki ko
-1 +1
+1 -1

EHEICE B LIXRS L.

/

200
010
001

200
010
001

110
100
001

110
001
100

101
100
010

101
16:/ 010

\ 100

010
110
001

001
110
010

100
020
001

100
020
001

010
011
100

010
101
010

001
001
110

010
001
101

001
001
110

001
100
011

100
010
002

100
010
002

200 |[o10][0o01
010 101 010
oo1 {010l 101

200
010
001

200 |[o10|[001 200
5:/001 110|010 001
010 {001 101 010
110 100 |[001 110
s:l100|lo11]lo10 100
oo1|lo10]|[101 001
110 ([ 001 100 101
11:{ 001 110|010 12:| 100
100010 |[002 010
101 100 101
14:0 010 (011 15:/ 010
100010 100
011 100 100 011
17:{ 100 |[0o20 || 001 | 18: 100
100|001 {011 100

010
011
100

001
020
100

001
020
100

100
020
001

010
110
001

100
011
010

001
100
011

010
100
002

100
001
011

010
001
101

100

001
011

100
010
0

71

~

Gemark : TN T OMREICET .
o HIRRLETIV

log piji = pt+ i + B + v + (aB)ij + (av)ir + (B7)jk + (aBY)ijk
o RERSUE [ERFREFANEELEL

Hy : (aBy)ijx =0, for all i,j,k

o BABE : n, i, B e (aB)ijy ()i, (BY) sk
o BABKICHY B +IHEE -

Tty Titts Thjts Thtks Tij+y Titks T+jk
o SEEDERRIN : plaik | Tijrr Tivk, Tagp) X (Hf.‘,.k z,,k!)

Hy EPRATBEETIVTIREWTESD, plein | 24, itk 2455) DHD
&E%E"V;"T‘/j') VUEHLL = MCMC EDNMEZNIXELL J

-1

68
Bl 13 x 3 x 3 PEIK (#F, = 18)
2 1 1 211\ 4
: 1 2 1 1211 4
’ 1 1 2 [112]4
211 4 121 4 112 4 444 12
70
basic move h*SHERETNBHEIT ST
200][001]fo10
HKEE6: (001 ||020(|100
010||100||002

(3MhDIRAE & AR EBHEAR AT AE.
i,j,k DRTEESREAT

=1 =12

Nk ki ke \k k1 ke
i+ =1 s -1 41
J2 -1 +1 J2 +1 -1

EMATEH, ETHOEED —1 IKE>TL

| D,

72



3 x 3 x3 ROIIVIATEEITIE, 6 RD move:

i=ip i=iy

Nk k1 ke ks j\k ki ko ks

g1 0 41 —1| 5 0 -1 +1
j2 -1 0 41| 4 +1 0 -1
s +1 -1 0 s -1 +1 0

HRE. ZOROEBEFEIE, KIEFEDHITERICEZ T EHRRE
h3. 2K, {basic move, 6 XD move} I&, TORIEICHT BV
JA7EEILES.

N /
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a N

o Bl :u={um,...,uz}

2 0 1
x:| 1 1 0| u*= ’u?lulguzyuzg’z}32u§3
0 1 2
2 -2 0
z:|-1 0 1 |& ur —ur
-1 2 -1 = u? usgudy — uiyusiuziuzs

N /

75

a N

o ffil: 2 x 2 HEIR
(v1,v2,v3,v4) = (r1,72,¢1,¢0) EBFIE,

alurr) =ricr,  da(uiz) =rica,
da(ug1) =ract,  Ga(ugz) = raca,

Pa(uruge — urpuz) = ¢a(uir)da(usz) — daluiz)paluar)
=rirocica — riracice =0

i.e., ujugy — uraug € I4.

+1 -1
ZIBT uiiuge — ujoug; l& move ISR
-1 +1

N /

7

-

RIVATEREATTIV
o NEIR 1z =(x1,...,2p), THRHAB t=(t1,....,ta)

t= Az, A= (ay):dxp 55
o kluy,...,up): &k EOBERER
u={uy,...,up}: FETT

o DEIR = LHBEXDMIE

1 Tp __ 14T
T & it ur=u

e move z =z —z~ &ZIBRO

-

+ -
z & u’ —u”

74

e v={v,..., val: t1, ...ty WY BRETT
o t = Az BRDEFVEHRTREETND

da : k] — ko]

. ay; az; ad;
Uj = VU Ud

® P,y (14
I = ker(4) = {f € k[u] | 6(kfu]) = 0}
&, AICHTBZ =Yy ILTTIVEFRENS.

e Point:
zH ADmove —= u? —u® €,

76

o [E¥|(Diaconis and Sturmfels, 1998)
B={z1,...,21},z; e M D A ITRHTZTIVATEE
== Iy = <uzjr —u% 71:1,4..,L>

[##R8] (Hibi, 2003) I, ZZHBERICKWERTNS.

RIVATEEDHE (REEE)

Iy = (—pau;) +uyy, i =1,...,p) C k[u,v]

EEETNE, Iy =T nk[u] BRYILD. £oT,
{ti,. . ta} = {ur, .. up) EBBESHELRIEIBEFOS LT,

F—EElLES.

I5 OFLTF—EIE G- SRENE, G k[u] B [y DTLT

/

78



/o Risa/Asir TOFE \

[0] load("gr")$
[86] Polys = [-x11l+rixcl,-x12+ri*c2,-x13+ri*c3,
-x21+12%C1,-x22+12%C2, -x23+r2%c3] ;
[-x11+cl¥rl,c2%r1-x12,c3*r1-x13,r2%c1-x21,r2%c2-x22,r2*c3-x23]
[87] Q = hgr(Polys, [r1,r2,c1,c2,c3,x11,x12,x13,x21,x22,x23],
[[2,5],[2,611)%
[88] for(J=0; J<length(Q); J++) print([J,Q[J11);
[0,x23%x12-x22%x13]
[1,%23%x11-x21%x13]
[2,x22%x11-x21%x12]
[3,x23%c2-x22%c3]
[4,-c3*x12+x13*c2]
[5,x23%c1-x21%c3]
[6,x22*c1-x21%c2]
()
[16,c2%r1-x12]
[17,-x11+c1*r1]

N /
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3. REREHEE IV TEE

81

o X7, HAEERBNHAET S.
EUBZT, TRFNDS5 A,B,C,D D4HEFDHIEFEL, TR
BBOUTOT—2h 35N ERET 5.

83

[ avi> COME (REME 100) I

$ less 2x3-indep.mat

5

111000

000111

100100

010010

001001

$ ./markov 2x3-indep.mat
GHED

$ less 2x3-indep.mat.mar
36

0-1 1 0 1-1

1-1 0-1 1 0

1 0-1-1 0 1

\ RERE 2(a) (b) SEMCHETEBOTROBE. J

80

(o kRER - HAVEE N
o AEBHTIE, 2 K% - ZRFORBRAET—2DENEZ, <)VIT
EE - EVTHIVAEETITS FEERBNT 5.
o EEFHET — X2 DH: BARRIIATMIEBORRGHT—4
(7 EF, $RC 2 K8)

: prebake condition
: flux density L. W. Condra,
: conveyer speed Reliability Improvement with

: preheat condition Design of Experiments, 1993.

: ultrasonic solder agitator

: solder temperature

\ HfE: FRME J

82

A
B
C
D
E: cooling time
F
G
&

mn| A B C D T

1|41 41 41 41 @ =69
2 [ 41 41 41 -1 oz =31
3 |41 41 -1 41  ax3=55
4 [+ 41 -1 -1 ay =149
5 | +1 -1 +1 41  a5=46

6 | +1 -1 +1 -1 x5=43
7+l -1 -1 41 ap=118
8 | +1 -1 -1 -1 23=30
9 | -1 41 +1 41  ax9=43
10 | =1 41 41 -1 @9=45
11| =1 41 =1 41 @ =71
12 | -1 41 -1 —1 a12=380
13 | =1 =1 41 +1 a3 =37

14 | -1 -1 41 -1 214=236
15 | -1 -1 -1 +1 a5=212
16 | -1 -1 -1 -1 @5=52

84



a N

o TNELS%, AFDINTOKEDEERIT OV TRAZTSHE
%, T2RBEFRGE (¥, BELREHE) &5

o RERDEH: FREBZRS T & 5 HAKEDZR
o EFOH%E p LTNIF, HELERBEDORREE & & k=27,
o SHEITH D : {+1, -1} ZEBHRET S k xp 175

N /
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a N

o p AFDMEEVEEIL, 28 B p THERT —Z AR SEL.
p =4 AFOFITIE,

!
X:(X11111X1112~,X1121-X1122 sssss X2222)

o LIho T, BIETHALLAEIRITNT B2RAMLAREDHETE
TIVDOETIIE Y HFHETES.
o BRDFHDRE: MILLRT Y V53 (2x2 FEROFI3 £FL)

Xabed ~ Po(pabed); a,b,c,d = 1,2, ii.d.

N /

87

a N

o FIZIE, (aB)w W&, BF A LEF B OKEEEE (a,b) D2EF

REERATHZH,
> (@B =Y (aB)as =0
a b
ESUN
(@B)11 =vap  (af)iz=—Yap
(aB)a1 = —vap (af)a2 = Yap
EETEDNTES.

IR, 3 AFREEA, 4 AFXEERICOVTEINTREER.

N /

89

+1 41 +1 -1
+1 41 -1 41
+1 41 -1 -1
+1 -1 +1 41

+1 -1 -1 +1

41 -1 -1 -1

D= =(d d» ds d
“1 41 41 41 (1 S 1)
1 41 41 -1

-1 41 -1 +1

-1 -1 41 +1
-1 -1 41 -1
-1 -1 -1 +1
-1 -1 -1 -1

fo HEFLETIV (BT TIVOBROBEER) \

10 ftabed = K+ tq + By + Ve + 0a + (@B)ap + (@Y)ac + (0)aa
+(87)be + (80)ba + (¥6)ca + (@BY)abe + (a86)apa
+(@Y0)acd + (BY0)bed + (aBy0)abed

o RFIETIVE 131 MISET B, BRI,

D =-=3,0a=0

YalaB)ar =y (@B)ab = -+ =22 (V0)ea = D 4(¥0)ea = 0
> al@B)abe = 2oy (aBY)ave = -+ = 2 4(B70)pea = 0

Y o(aByd)abea =+ = 3 q(aBy0)abed = 0

DFlZEDFS. LHL, ZORER 2 KETHBDT, HLADE
\ HOBHOBBAEIRTANT 1 12kE%. J

88

a N

o R, MEREETIVOBMET IV,
o N7 MUV (1,...,1)

o BHETH D = (dy,...,ds) DEFURT MV, dy,...,dy
o D D25DRATEDHE, d; ©dy,d; ©ds,...,d3Ody
oD D3FDEHPTEDHE, dy ©dy Ods,...,dy ©ds O dy

o D DAFIDHATENTE, di©da©d3 & dy
EIANT (BYEIESET) LTk x k175 M #EHBWT,

N /
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o
log pa111 Ya
log pa112 :
log p121 Up
log jt1122 YaB

=M
log p2211 Yep
log p2212 YaBc
log 12201
log p12222 YBCD
YaBcD

\ LB, 1350 M &, HERFI) (EFVET) LEBNB. )

91

a N

o M &, JE 16 O 7 HI—)LiTF.
o [EE] M'X (DEMS) 1&, B

¥ = (o, ¥a, ..., ¥p,YaB, ..., Ycp . YaBC, - - -, ¥BCD, YaBCD)
(DB DTIREAE.
o FIZIE,

o o DTHMERIE (1,... . DX =3, , . 4 Xabed

o Ya (AFA (DIWJ%) D+IRETER,

di X = (Xq111 + -+ Xi222) — (Xo111 + -+ + Xo202)
=" (A DKED 1 DEANE) — > (A DKED 2 DEAIE)

N /

93

/o BEELEWETIV (Hy) 1, BEREETIVOEDDOBEDL < D\
e =0 EBLHO.
fefel, =0 EB<BHIE, TNTOHEEEHFIHIITIEEL,
UFDISRCERTHDITRS.
o [ER|(BEEETIV) WBREETIVICEWNT,
TBROREERBVETIVIEEENS)
= [ZNILEENBINTDERDREFADNETIVICEENS)
DmlcENZETIVE, BBETIVELS.

o FIZIX, vapc ZETCHEBETIVIE, ZThEVERD
Ya,¥B,Ye, Ya, Yac,¥se
EINTCES.
\o BT BETIVERBETIVICRRZ Z L1F, ﬁHR@Eb‘B‘BE%J

95

1
1
1
1
1
1
1
T _ 11—
M = .
1
1
1
1
1
1
1

92

a N

o Yap (BF A, B O 2 BFXENER) O+HFHEHRIZ,

(diod)X
=" ((A,B) DKED (1,1), (2,2) DERRIE)
— 3" ((A,B) DIKED (1,2), (2,1) DERIE)
o Yapc (EF A,B,C D 3 BFXESEA) D+5EEER,
(d; ©dy ©d3)' X
=>"((A,B,C) DKEH (1,1,1),(1,2,2),(2,1,2), (2,2, 1) DERIE)
=Y ((A,B,C) DKEH (1,1,2),(1,2,1),(2,1,1),(2,2,2) OEAE)

EWSES.

NS /
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a N

o EEETIVIE, ETIVCEENBBALREFRADES
(EM&ES) TREETES.

o FIZIE, EFIV ABC/ABD DBESERE,
Hy : Yop =vacp =v¥eep =vapep =0
Lh5%.
ZODEFIVOBEHEE: (16 -1)—4=11
BERAEDOBHE: 4
o R THET3581E, —MRILEAETIV (generalized linear
model) DEEE gln ZES &KL
(REBERAEDER, 774 IV THELTINS. )

N /
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///:>data4 <- read.table("datad.txt", header=T) ‘\\\

> datad

A B C D X
1 11 1 1 69
2 11 1-1 31
3 1 1-1 1 55
4 1 1-1-1149
5 1-1 1 1 46
6 1 -1 1-1 43
7 1-1-1 1118
8 1-1-1-1 30
9 -1 1 1 1 43
10-1 1 1 -1 45
11-1 1-1 1 71
12 -1 1 -1 -1 380
13-1-1 1 1 37
14 -1 -1 1 -1 36
15 -1 -1 -1 212

[
[
o
S

\\\ii -1 -1 -1

97

///;> -0.517643 031613 -16.374 < 2e-16 *xx ‘\\\

0.

D 0.020120 0.030598 0.658 0.51083

A:B -0.001776  0.034131 -0.052 0.95850

A:C 0.212262 0.031613 6.714 1.89e-11 *xx
A:D 0.089063 0.030598 2.911 0.00361 *x
B:C -0.069127 0.031613 -2.187 0.02877 *
B:D -0.442261  0.030598 -14.454 < 2e-16 **xx
A:B:C 0.018033 0.031613 0.570 0.56838
A:B:D 0.146741  0.030598 4.796 1.62e-06 *xx

Signif. codes: O ’**x’ 0.001 ’#%’ 0.01 ’%’ 0.05 ’.” 0.1 > > 1
(Dispersion parameter for poisson family taken to be 1)
Null deviance: 1021.25 on 15 degrees of freedom

Residual deviance: 135.02 on 4 degrees of freedom
AIC: 255.19

\\\ﬁffber of Fisher Scoring iteratiomns: 5

99

a N

o p EDFHEDFEICDOWVTIE, HEIROBEIFLLLFFEDT LEHW
Z%. Thbb,

WES TR (D4 2 AL 2FAT 2006 > L HEHE.

L, BonfeT—2Ic& > T, BHERB/DYUTIEZFUH

ELHE LhGL.

AlgEThNIE, EREEICKVEMEL L. 2L, T—2DY 1

ADBREVBER, STEEOMBENELS.

o [EREALE#LWEAIE, IV 7&EH - TV THIVOENER.

o

o

N /
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///:Edata4.g1m <= glm(x~A+B+C+D+A*B+A*C+A*D+B*C+B*D+A*B*C+A*B*D, ‘\\\
data4,family="poisson")
> summary (data4.glm)

Call:
glm(formula = x ~A+B+C+D+A*B+A*C+Ax*xD+Bx*
C+B*xD+A*Bx*xC+Ax*Bx*D, family = "poisson", data = datad)

Deviance Residuals:

1 2 3 4 5 6 7 8
4.015 -4.037 -3.298 2.476 -2.080 2.746 1.503 -2.463
9 10 11 12 13 14 15 16

4.821 -3.131 -2.617 1.279 -2.446 3.450 1.196 -2.133

Coefficients:
Estimate Std. Error z value Pr(>|zl)
(Intercept) 4.182653 0.034131 122.546 < 2e-16 ***

A -0.072021  0.034131 -2.110 0.03485 *
\\\E¥ 0.142381  0.034131  4.172 3.03e-05 *xx 4///
98

a N

>

> fitted(data4.glm)
1 2 3 4 5 6

40.78947 59.21053 83.21053 120.78947 61.58650 27.41350
7 8 9 10 11 12

102.41350 45.58650 18.61224 69.38776 95.38776 355.61224
13 14 15 16

53.93769 19.06231 195.06231 68.93769

>

> 1-pchisq(135.02, 4)

[1] o

>

> qchisq(0.95, 4)

[1] 9.487729

>

NS /
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a N

o +HMEHEEREE L X ORMHT9:
k
pla | M'z = M'z?) = C(M'z") [ | Tl o

z° : HAEhfeT— 42,
C(M'z°) : 3ERILELR

ez t= Y (]

@eF(M'z0) \i=1

F(M'z®) ={z | Mz = M'z°, = €{0,1,2,...}"}.

102



a N

o DXV, HEB1TH M DinfEREELH T, THHAEDE
M'ze ZHETZEE F(M'z°) ZEEICECEER (M ITXT 3
TIVATEEK) ZROHNIF K.

o TIVOATEREMFEICIE, 4ti2 HEF.

N /

103

a N

o L¥ 15— L—ERRMEEIE, RREIHD 27 DFICRSNSE
WOIRRAZRRIFIE, JEHERICH T HEEEELLVEEZED,
ELBHTEMESE.

o FHEETIE, L¥ 15— L—BRMEFHETHOSNRRT —&ICD
WT, ThE TSN ETHRUREZRITT 2 5EZHAY 5.

N /

105

a N

o BRBER
ABDE = ACDF = BCDG =1

EHET 16 RTOHAEEITOTLNS.
2773 —RREERFTE L KIEN 3.

o f: SREREEK
p: BIHEFOH (TT 2 K%E)
q: BIABEROE

o k=2r"1 DBRHHS.
ERASATATTEBORETIE, p=7,¢=3,k=2""3=16.

o FHETTH: {+1, -1} ZBERET S k x p 175

N /
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a N

2 KFERER - —ERRHEETE

o EAUEEE, BFORHER 3L RREMABAICES.

o BRI, BWARIZA I RBOREART — 4214, 7 EFERT
BBOT, BELEERTS Il 27 — 128 EOHEHBEL
£Y, AZ FHHDB.

o EEREMERS T IENGHEDD EDIC, BIAMEE (EHE
F) ERLTEESEORRETESBTES, LWS>HERDS.
ThiE, L¥ 15— G—HEmsE e &idhs.

o L¥15—hH—HEHHETIE, BREKIE, BALRED 2iq &
BB, L, ¢ IR RIABROM.

N /

o ERXIFALMIFEBEORRMET —F

B%E9{%: ABDE = ACDF = BCDG =1

NS /
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/ o SHEITSI \
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a N

o EZA: 5HETH D 5, MELEWETIV (Hy) OHRERTFI
(E7TIVIT5) M e L, BB M’ ISHT2TIVATEEER
»H5.

o RUEMRHERT 7AN-1E, HELERENL ELL{RAL.
o FBINERIVEDE:
BT BETIVIEBWNT, INTOBEDHETHE THBH?
o B ORERHEEREEMIE, BIBER
ABDE = ACDF = BCDG =1

HOHETES.

N /
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a N

MNEEREERLT, INTOBRIEETRICEDLSICETIV
ZESHNIE KL

o BIZIE, T DDEFDEMRE, HFcDDREMEMA, AC,BD H5%
BETIV
AC/BD/E/F/G

¥, AC & BD HRIBBRICHEVLD S, TNTOBKIIFRFHHE
FIEE.

N /

a N

e —HT, ETIV
AB/DE/C/F/G
&, AB & DE H'BI&BRICHZH SHETFETHEL.
AB=DE=FG=ABDG=---.
o TN 5%, HEBROYIER, BERRT 77 IVOXARTIE
T4 77 IVABREE LFMIcR3T EnEnS.
TORIICDOWVWTIE, FEETIIEK. FEMEESE.

N /
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f. 4 AFXEEAETOTNTDFIBER: \

I= ABDE = ABFG = ACDF = ACEG = BCDG = BCEF = DEFG

A = BDE = BFG = CDF = CEG, B = ADE = AFG = CDG = CEF
C = ADF = AEG = BDG = BEF, D = ABE = ACF = BCG = EFG
E = ABD = ACG = DFG, F = ABG = ACD = BCF = DEG

G = ABF = ACE = BCD = DEF

AB = DE = FG = ABDG = ACDG = ACEF = BCDF = BCEG
AC = DF = EG = ABEF = BCDE = BCFG

AD = BE = CF = ABCG = AEFG = BDFG = CDEG

BC = DG = EF = ABDF = ABEG = ACDE = ACFG

BD = AE = CG = ABCF = ADFG = BEFG = CDEF

CD = AF = BG = ABCE = ADEG = BDEF = CEFG

AG = BF = CE = ABCD = ADEF = BDEG = CDFG

ABC = ADG = AEF = BDF = BEG = CDE = CFG

110

ZDIBEDOHREETH M X,

AC BD
1 1 1
1 1 -1
M= p i
1 1 -1
1 1 1

a N

o BIFIETIV OBEIE 16(=k) B. TDEEHEETH M IERE
16 DT A —IViTHICIES.
o EFIVOMBRIT—EY TEL. FIZIE,
ABC/AD/BD/CD/AG/EF &
ABCD

BWINLBROHEETRERETTIVT, BINETIVORRE
5%.

N /
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-

FERHT—2ITHLT,
AC/BD/E/F/G
EVSEFINOETIREVEERLTLNS. (FBRE 7)

e Hamada and Nelder (1997) &, ZDERRIFAIFEE

~

D

115

///:Edata7.g1m <- glm(x~A+B+C+D+E+F+G+A*C+B*D,data7,family="poisson")
> summary(data7.glm)

Call:
glm(formula = x ~A+B+C+D+E+F+G+A*C+B=x*D,
family = "poisson", data = data7)

Deviance Residuals:
Min 1Q Median 3Q Max
-2.52419 -0.47818 0.04629 0.36474 2.62292

Coefficients:
Estimate Std. Error z value Pr(>|zl|)

(Intercept) 4.17140 0.03393 122.946 < 2e-16 **x*

A -0.10842 0.03250 -3.337 0.000848 **x*

B 0.19039 0.03015 6.315 2.70e-10 **x

C -0.42315 0.03352 -12.625 < 2e-16 *¥x*

D 0.01264 0.03086  0.409 0.682193

E 0.10302 0.03206  3.213 0.001312 *x
\\\§¥ -0.04236 0.02784 -1.522 0.128070

117
> fitted(data7.glm)
1 2 3 4 5 6
64.52677 47.25345 53.14603 151.07960 30.42595 46.79383
7 8 9 10 11 12
115.24100 32.53337 49.42430 46.13193 70.90290 360.53502
13 14 15 16

35.18867 30.25510 232.14438 51.41770
> 1-pchisq(19.093,6)

[1] 0.00400942

> qchisq(0.95,6)

[1] 12.59159

>

-

119

Kdata7 <- read.table("data7.txt", heade=T)

> data7
A B CDETF G x
1 111 1 1 1 1 69
2 11 1-1-1-1-1 31
3 1 1-1 1 1-1-1 55
4 1 1-1-1-1 1 1149
5 1-1 1 1-1 1-1 46
6 1-1 1-1 1-1 1 43
7 1-1-1 1-1-1 1118
8 1-1-1-1 1 1-1 30
9 -1 1 1 1-1-1 1 43
10-1 1 1-1 1 1-1 45
11 -1 1-1 1-1 1-1 71
12 -1 1 -1-1 1-1 1380
3-1-1 1 1 1-1-1 37
14-1-1 1-1-1 1 1 36
15 -1-1-1 1 1 1 1212
\\\ii -1-1-1-1-1-1-1 52
>
116
G 0.38144 0.03352 11.380 < 2e-16 *¥x*
A:C 0.18109 0.03318  5.457 4.83e-08 **x*
B:D -0.29896 0.03380 -8.845 < 2e-16 **x*

AIC: 135.26

Number of Fisher Scoring iterations: 4

//:j’; Vv

Signif. codes: 0 ’**x’ 0.001 ’**’ 0.01 ’%’ 0.05 ’.
(Dispersion parameter for poisson family taken to be 1)

Null deviance: 1021.255 on 15 degrees of freedom
Residual deviance: 19.093 on 6 degrees of freedom

B
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gobooooooooo,0o00o00 1, 2009.09.15

l.2x3000000000000000O00O00DOO0ODOODOOO

111000
000111

A=|1 0010 0],
010010
001001

ooooo

(a) Markov 0O OOOOOOOOOO I,000000000000
oboooooooon

(b) 4ti2 0000 Markov OO OO OQOQOO

(c) Az =04, 2 e NS OOOO 20 B=(2,31,2,2) 0000000
ooQ.

(d) 00000 Fesi22 0000000000
0O000: [5, chap.3], [3, chap.5].

2.3x3x30000000 2000000 {4}, {zipx{zip}y OO
0000000000000

() OO00DOD0O0O0O0UDOOOO ADUDODOO
Ugdgd : 3x3x3cont.mat
(b) 4ti2 0000 Markov OO QOO OQOQOQO
(¢) ij+ =lmiyp=1,2z45b,=1000000000000000
() (0000)000O0O0 Markov OOOOOODO 1000000

ggbooboaboobboobooboaoboaobobooon
goboboooboooboooboobooo

00000 : enumerate_fiber, connect2 0O O OO

3. 000000 x,20,23 000000000 410000 -10000
000 (z1,20,23) 0000000000 OOODO

exp(0.2(z1x9 + x2x3 + T123))
VA

P(I1,$2,$3):
000 ZzOOOOOODOOoOoDOOoOooOd

7 = Z exp(0.2(z122 + Tow3 + T123))
(z1,22,23)E{+1,—1}3



O0000000000000 (x,z,23) 000000000O0O0ODO
0000000000000000{+1,-1}* 0800000000
000 P(xi,ze,23) D0D0OO00OO0O0OODOOO

oboboooOobooooobooooobooooboobooboOooboon

0. x=(z1,20,23) 000000000000
0000 x« (—1,-1,—1)

1. 21,70,23 00 000000000000
000000 2, 000002, 000 —2; 000000000 %/

ogoog

P(x')
P(x)

3.0<R<100000RODOO

2.1«

4. r> RO0O000 Xpext «— X
00000000 Xpex — X

5. Xpext O OOO0O0O0OOOOO

6~ X = Xpext
step1 000

gcooooooO0ooOoooO0oooooOoooooogooooo
UO000000: metropolis DO OO0

O0ooo: [4, p.g
.2x3000 0000 (5,15;5,5,10) 000000 FOoOooo

F ={(wi;) | i € Nyz1y = 5,204 = 15,241 = 5,249 = 5,243 = 10}

ooooo 4 L - 0000000000000000

Z le!mlz!wlg!a:21!$22!a:23.

000D0000000000002z;+2: 0000000000 (Z
ooooooo Yy, 1 )

TEF x11!z12!T13T21 20 T3]

O0o000: 2x3meme DO OO0

.2x20000000

oo/o00 |00 Oo0o

oo 3 1
oo 2 4 6
5 5) 10

obooooobooooon

(a) 00000 Fuess 000000000
Hy:0DOOOO0OODOOO



000000000000000000 p(%) = % 3—moshaa
000000000Z0000000000

(b 0X;1>c000 H,OOODUOODOODOOOODOOOOODOO
ugbooog p0O0OobOOOO

6. 5x5200000000

oo/od 5 4 3 2 1|0

5 2 1 1 0 0] 4

4 8 3 3 0 014

3 0 2 1 1 1 5

2 0 0 0 1 1 2

1 0 0 0 0 1]1

0 10 6 5 2 326
000000000000(p),[6o0000)

0000 (Hy) : OO0OODODOO0OOoOoOO
oood

(a) HHOODODODODDOOODOOOOOOO
(b)
() DODOODOOOD pOOODOO
(d)

0020000000 x*(x) 000000

obobOobobOobobobobooboboobooooOoop O
gbooooooo

OgO0o000g :sxbmeme DO OO0

0000 : [6], [5, chap.3]

7.2"3000000 (00 A, B,C,D,E,F,G,0000 ABDE = ACDF =
BCDG=1)000000000000000000000OO0O0O0
(loooo)

rm| A B C D E F G y
1 1 1 1 1 1 1 1 69
2 1 1 1 -1 -1 -1 -1] 31
3 1 1 -1 1 -1 -1 55
4 1 1 -1 -1 -1 1 1 | 149
5 1 -1 1 1 -1 1 -1 46
6 1 -1 1 -1 1 -1 1 43
7 1 -1 -1 1 -1 -1 1118
8 1 -1 -1 -1 1 1 -1 30
9 -101 1 1 -1 -1 1 43
10 | -1 1 1 -1 1 1 -1 45
1 (-1 1 -1 1 -1 1 -1 71
2 (-1 1 -1 -1 1 -1 1 | 380
13 | -1 -1 1 1 1 -1 -1 37
4 (-1 -1 1 -1 -1 1 1 36
5 (-1 -1 -1 1 1 1 1 | 212
6 (-1 -1 -1 -1 -1 -1 -1/| 52




00000 Hy: AC/BD/E/F/GO000000000000O0O
0ooooooooo

() 000 HyOOOUODODOOOO MOOOOO

000 : covariate matl.mat, 2_7-3.dat
(b) 00O H,OOOOOOOOO {my,...,me} 00000
(¢ DODODOOO {w,...,y16y 000000000 DOOOO

16
Yi

Gly) =2 § Yi logﬁ
i=1 g

00000000000000000 60002000000 5%
gbooooao

(d) M’ 0 MarkovO0OODODOO0O

(¢) 00DOUDOODOU HOODODUODODODOOUOODDOOOOO
oobooOooooooooooboooooboobooOooooobon
obpOO0O000D0OO

OO0o000 @ covimeme OO OO0

ooooooooooo AB/AC/BD/E/F/GOO0OOOOOUOOO
googoood

OO0 : covariatemat2.mat
0ooo : 1

8. (0DDD,00D000000DOO0DO0O0ODN) L (level), G (generation)
00D00000.¢00<i<L600000000000O,0000 G

0 L0000000 dg-1--+1150 000. 0000000000 affine
toric variety 0 O 0O O .

xigfl‘uilio = piopioilpiliz o 'pi(;'fzicfl

000 000 0,00 100 p000 LO,002000p
000 L?0. 000 20000000000 ADDO (OO

sstatus2.rr), 00 AODOODO 4ti2 0 Markov OO O0OOOO. O
oo000oo0 L,Go0ooooooooy

goon

[1] S.Aoki, A.Takemura, Markov chain Monte Carlo tests for designed ex-
periments, arXiv:math.ST0611463v1



[2] S.Aoki, A.Takemura, Markov basis for design of experiments with
three-level factors, arXiv:0709.4323v2

[3] B.Sturmfels, Grobner Bases and Convex Polytopes, 1995, American

Mathematical Society, University lecture series 8.
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000000000 12,0000 I0000000000000000
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[p) DO00O0OO0,0000000000,0000, 2006

[6) 000,00000000000000000O0O0OO0OO,00000
00 2r0000ooooooag, 2005



gobooooooooob, oo, 2009.09.15

1.2x300000000000000000DO0OO0OOODOO

1110 0 0
0001 11
A=11 0 0 1 0 0
01 00 1O
0010 01

ooogo

(a) Markov 000000000 0O0OD I, 0000000000000O0O0O0ODOOOOO

Iy = (zox6 — T3T5,T1T6 — T3Ta, T1T5 — ToT4a)
OJOoooooboobooboob asird0oood teric.rr oo

/- Asir \
[1206] load("toric.rr");

[1219] toric_ideal([[1,1,1,0,0,0],[0,0,0,1,1,1],
(1,0,0,1,0,01,[0,1,0,0,1,01,[0,0,1,0,0,111);

ideal :

[x5-t1*td,x4-t1*t3,x3-t1*t2,x2-t0*t4,x1-t0*t3,
x0-t0*t2,t0*t 1*xt2*xt3*t4d*t5-1]

gb :

[x1*x5-x2*x4 ,x0*x5-x2%x3,x0*x4-x1*x3,t3*x5-t4*x4,
t3*xx2-t4*xx1,t2*%x5-t4*x3,t2*%x4-t3*x3, t2*xx2-t4*x0,
t2*%xx1-t3*x0,t5*x0%x4*x5-t1,-t5*xx0*x1*x5+t0,t4*t5*x0%*x4-1,
t4*t5*xx0*x1*x5-%x2, —t 3%t 4*t5*xx0*x3+t2]

[x1*x5-x2*x4 ,x0%x5-x2%x3,x0*x4-x1*x3]

[1220]
J

N

(b) 4ti2 0000 Markov OO OO OOOO
0000000000000 00000000 Markov OODODOOODOODOOO 4ti2000 Markov OO
ooo0o0O000 AO0O0OO0O0OO0DO0OO0O0O0O0OoOooooon

cont2x3.mat

56

111000
000111
100100
010010
001001

4ti2 0 Markov 0000000000 markov OO0




(- markov [0 0O O \

$ markov cont2x3.mat

.0

File cont2x3.mat.cost not found. Using default cost.

COMPUTING GENERATING SET ... PROJECT-AND-LIFT ...

Phase 1: Saturating 3 variable(s).
Saturating (3) ... (GM) Size: 2, Time: -0.00 / 0.01 secs. Done.
Saturated already on 2 variable(s).

Done. Size: 2, Time: -0.00 / 0.01 secs

Phase 2: Lifting 3 variable(s).

Lifted already on 2 variable(s).

Lifting (1) ... (N) Size: 3, Time: -0.00 / 0.01 secs. Done.
Done. Size: 3, Time: -0.00 / 0.01 secs
COMPUTING MINIMAL GENERATING SET (FAST) ...
Size: 3, Time: -0.00 / 0.01 secs. Done.
kTotal Time: 0.02 secs. J
Markov 00O 0OO0O00O0OOODOODOOO

cont2x3.mat .mar

36

0-1 1 0 1
1-1 0-1 1
1 0-1-1 0

(c) Az=8, e NS OOOO 20 B=(2,3;1,2,2) 0000000000,
Ar=p40000 20 1000000000000

z=(0,1,1,1,1,1)

OO0000O0O000DoO MarkovODOOOOODOOOODOOOODOOOOODOOOODODOOO
gooobo 000 500

(0,1,1,1,1,1),(0,2,0,1,0,2)",(1,1,0,0,1,2)",(1,0,1,0,2,1)",(0,0,2,1,2,0)’

(d) 00000 Fasie9 0000000000
000000 Markov 00000000000 O0000O0000OO

O0000: [5, chap.3], [3, chap.5].
O0O0O0ODO: cont2x3.mat, ex-stat-ans.tex
2.3x3x30000000 2000000 {zy+},{zi{ey} 000000000O000ODOODO
() OO00O0OODOO0ODOOOO ADOOOO
ooooood

($1117 2112,21135 121,122, 2123, L131,L132, L133, L2115, L212, L213, L221, L222, L223, 231, L232, L233,

T311, L3125 L313, 321, L322, L323, L331, L332, 33333)

gbooobooooooboooon

($11+7 $12+7 x13+a x21+7 x22+7 $23+1 $31+7 $32+, x33+7 x1+17 .’I;l+2, CE1+3, $2+17 x2+27 x2+37 .’173+1, $3+27 $3+3;

I
T411,T412, T413, 421, L422, T423, T4+31, T432, $+33)




gooobgoobooogn

r 3x3x3cont.mat

27 27

111000000000000000000000000
000111000000000000000000000O0
000000111000000000000000000
000000000111000000000000000O
0000000000001 1100000000000O00O
000000000000000111000000000
0000000000000O0O0O00OO0CO1110000O0O
0000000000O0OO0OO0COOOOOOOOO111000
00000000000000000C0O00C0O0O0COO0CO111

100100100000000000000000000O
010010010000000000000000000O0
0010010010000000000000000O00O
000000000100100100000000000O0
000000000010010010000000000O0
000000000001 001001000000000O0
00000000000000O00OO0CO00O100100100
0000000000O0OOO0COOOOOOO1O0OO0O10010O0
00000000000000O00O00O0O00O0OO01001O00O01

100000000100000000100000000
010000000010000000010000000O
001000000001000000001000000O
000100000000100000000100000
000010000000010000000010000O
000001000000001000000001000
000000100000000100000O00O00OO0C1O0O
000000010000000010000000O010

kOOOOOOOO1000000001000000001

(b) 4ti2 0000 Markov OO OO OOOO

10000000 Markov OOODOOOOO

|

(c) zijt

1
0 -1

0 0 -1
1

1

0-1-1 1
0O 0 0 0 0 0 0 0 O
0 0 0 O

1
-1

1

1 0 0-1

0 0 0 00 0 0 0 O
0-1-1

1
0 0 0 00 0 0 0 O

-1
-1
1

1
1
0

o O 4_1

H oo o
=
I — )
© [
m. ~ (@]
T
m — —
%) I
QU oo o
m
ﬂwn_ulll —

0 I |1

100000bgobooobooooo

L, T+jk

17 Tit+k

oooobooboo ennO

1200

oboooboboennnOon
(d) (00DD0O0)00000 MarkovDOOOOOOO 1 0000000000000 O0ODOOOODOOOOOOO

obooobOoboooobooboboooooboooooboooboon

enumerate fiber U OO OODOO0D0O0OD0OOODOO0DOODOOODOO0ODOOOOOOOO1IDO0O0O0OOO0

Ubob0O00 move UOOOOOOOO0ODOCOOOOOOOOO0O0DOOODO 4i20000000000000

obooobOooboooboobooon



(- 00000 enumerate fiber 000 O \

$ enumerate_fiber start_v4.txt moved.txt
n_move : 1, msize : 6
start_v :
o1 1 1 1 1
n_move : 3, msize : 6
move : 3 6
0-1 1 0 1-1
1-1 0-1 1 0
1 0-1-1 0 1
002120
101021
110012
020102
depth : O, count : 5, queue : 4
depth : 1, count : 5, queue : 3
depth : 2, count : 5, queue : 2
depth : 3, count : 5, queue : 1
depth : 4, count : 5, queue : O
count : 5
fiber :
011111
002120
101021
110012
\‘O 20102 4}

3. 000000 a1,20,23 000000000 410000 -1 0000000(x1,29,23) 00000000000

oood
exp(0.2(z1x2 + Tox3 + x123))
A

P(CC17I'2,I'3):
000 ZzO00OO0OODOoOoOoooooooo

Z = Z exp(0.2(x122 + vox3 + T173))
(z1,x2,23)€{+1,—1}3

00000000000000 (z1,72,23) 000000000000000000000O00O0OO00{+1,-1}3
08000000 ODO0OOO P(xy,ze,z3) DO0ODODOOOOUDODOOOO

UO0000: metropolis DO OODO
ooo0: [4, p.g
ooooboooooooooboooboooooobooooooooon

0. x=(z1,72,23) 000000000000
0000 x« (—1,—1,-1)

1. z1,20,2s 00 0000O0O0OOCOOOO
000000 »; 00000«; 000 —2, 000000000 x¥ 0000

P(x')
2. 7« 269

3.0<R<100000RODO

4. r>RO000 0O Xpext — X
00000000 Xye — X

5. Xpext JOOOOO0OO0OODOO

6~ X < Xnpext
step1 000



(-[I[I[I[I[I metropolis O OO ~N

$ ./metropolis
-1 -1 -1
-1 1 -1
1 1-1
1 1 1
1 1 1
1 1 -1
1 -1 -1
-1 -1 -1
index 0 : 2198
index 1 : 1001
index 2 : 890
index 3 : 926
index 4 : 995
index 5 : 991
index 6 : 932
index 7 : 2067
total : 10000
z : 8.556622
index 0 : 0.219800 0.212948
index 1 : 0.100100 0.095684
index 2 : 0.089000 0.095684
index 3 : 0.092600 0.095684
index 4 : 0.099500 0.095684
index 5 : 0.099100 0.095684
index 6 : 0.093200 0.095684
\‘index 7 : 0.206700 0.212948 4}

4.2x3000 0000 (5,15;5,5,10) 000000 FOOOOO

F = {(x”) | Tij € N,$1+ =5,220+ =15,241 =5,242 =5,243 = 10}

ooooo L L 00000000000 000000000000000000002z11 +212

Z x11!x12'T13'T01 w00 103!

0ooOooooooo(zooooooo Yy,

rEF x11'T12!T13'T01 722 23! )

2x3000000bOboOooo
1 -1 1 -1 1]-1
B: ) 9
11 -1 1 1)1

gobogoooog f(x):%nijﬁDDDDDDDDDD FOOOooooOoooooDobooooooobo
goboobooooboooon

0. 00000 FOUO xO 100000 (OOoooO)
e—0
1. Bu(-B)OODO0OOOODO0O z000

2.x+z0000000000000r « {622
000000007« 0

3.0<R<100000RODOO

4. r > RO0O000Xpext «— X+ 12
00000000 Xpext «— X

5. Xpext JUOODOODOOODOOOO

e — e+ ( Xnext 0 2211 + 212 )



6. X < Xpext

step 1 000
7.e¢/(00000) DODOUDOOOOO
O000obOOoobOobooOon 2x3meme OO OO
2x3meme (00 seed) (0O0O0OD)000000OOOO
0000000 15/4=3750000

2x3mcmc 0O OO0
4 )
./2x3mcmc 0 100000
2 0 3 3 5 7
2 0 3 3 5 7
2 0 3 3 5 7
2 0 3 3 5 7
1 1 3 4 4 7
0 1 4 5 4 6
o 2 3 5 3 7
1 2 2 4 3 8
2 1 2 3 4 8
1 2 2 4 3 8
2 1 2 3 4 8
3 0 2 2 b5 8
2 0 3 3 5 7
2 1 2 3 4 8
ave : 3.746200
\_ J
5. 2x20000000
DD/DD oo oo
oo 3 1
o0 2 4
5 5 10

oobooboooooboao

(a) 00000 Fuess 000000000
Hy: 000000000
000000000000000000 p(z) =
00000 Fuess 00000 500000

L ;Dobdo0ooboobozO000ooooooon

1
Z Ill!a:12!;v21!(l?22.

410 311 212 113 014

oooooooo

427427427427 42
oooo

(b) 0Xyy >c000 HoOOUOODDODOOOOOOOODOODOODOOOOOOOO pO0oO0OooooO
obbod z;, 0300 c=30000

10 1 11

pO :Pr(XuZB):E—i——

42~ 42
p0 >005000H, 00000000



6. 5x5200000000

oo/oo |5 4 3 2 1|0
5 2 1 1 0 0| 4
4 8§ 3 3 0 0] 14
3 0 2 1 1 1
2 0 0 0 1 1
1 0 0 0 0 1)1
O 10 6 5 2 3|26

000D000000D000(j3),[60000)

0000 (Hy) : O0OOOOOOOOOOO

oood

(a)

HyOOOOOODOOOOODOOOO(®RorOODO)
H,0OUOOOOOOO (Dooo)oooooo (i,j)ooooooo

LTi4 T4j
n n

iij:n

0000000
0020000000 x*(z) 000000(®Ror0)

gbooboobg p0OO0OO00O0O

ogo200000000
52
X2(X):Z(x”AfE”)
T xzj
2,7
DDDDDDDDDDDDDXQ(X):25.3376DDDDDDDDDDD
rROOOOOOOO0OOOOO0OOOOO
ROOODO 2000000

m <- matrix(c(2,8,0,0,1,3,2,0,0,1,3,1,0,0,0,0,
1,1,0,0,0,1,1,1) ,nrow=5,ncol=5)
chisq.test (m)

obooooooooboboog pO0O 0.06409

oboobOoo0ooboobooooobooooboboboobpbOObOOOOODO
QUOOo0OOO00O0ooooOooOOO0o0oOO0oooOoODODOOO0 pOO0O0OOODOOOOOODOOODOOOOO
0000 xO000D0DO0x%(x)>253376 000000000000000 «c00000000D0OO00O0OO

DDWCDD)Dp[l[I[I[II:IDDDDDDDDDDDDDDDDDDDDDDDD

0.x— (00DO00D000OO0)
0000 ¢« 0
00000 20000 %%« x3(x)
1. BU(-B)0DO0O0OD000O0 2000
2. x+2z00000000000007 « {42
00000000r <0
3.0<R<100000 ROOO
4. r>RO0000Xpext «— X+ 2
00000000 Xpext — X
5. Xnext 100000000000
X2 (Xnext) > X2 000 ce—c+1




6. X < Xpext

step1 000

0000000000000 5x5memc 0000
5x5meme (00 seed) (00000)000000000

(5x5mcmc[|[|[|[l[l B
./bxbmecmec 0 100000

chisq : 25.337619

021107 4111103011000
11 0 0 0 O

021107 4111103011000
11 0 0 0 O

021107 4111103011000
11 0 0 0 O

2 20007 220310 2 2 00110
0 0 1 0 0 O

2200 0 7 2203102200110
0O 0 1 0 0 O

22 0007 2203102200110
0 01 0 0 O

tchi_count : 6302

appoximate p-value : 0.063020

pd >0000 HoOOOODOOOO

7.273 000000 (00 A,B,C,D,E,F,G,0000 ABDE =ACDF =BCDG=1)0000000000
0000000000000o0o0o0((oooon)

rm| A B C D E F G y
1 1 1 1 1 1 1 1 69
2 1 1 r -1 -1 -1 -1 31
3 1 1 -1 1 -1 -1 55
4 1 1 -1 -1 -1 1 1 149
5 1 -1 1 1 -1 1 -1 46
6 1 -1 1 -1 1 -1 1 43
7 1 -1 -1 1 -1 -1 1 118
8 1 -1 -1 -1 1 1 -1 30
9 -101 1 1 -1 -1 1 43

10 | -1 1 1 -1 1 1 -1 45
1 -1 1 -1 1 -1 1 -1]| 171
2 -1 1 -1 -1 1 -1 1380
13 |1-1 -1 1 1 1 -1 -1 37
4 |-1 -1 1 -1 -1 1 1 36
5 |-1 -1 -1 1 1 1 1 | 212
6 /-1 -1 -1 -1 -1 -1 -1] 52

00000 Hy: AC/BD/E/F/GDOO00O00D0O0OOOO0ODOOOODOOOOODOO

() 000 HyOOOOODOOOO MOOOOO

00000 AC/BD/E/F/G 0000000 ABCDEFGD 2000000 AC,BDOOODOOODN
oooo
M = (1,da,dp,dc,dp,dg,dr,dg,dac,dBD)

goooogn




(, covariate_matl.mat

10 16
1 1
i1 1 1 1 1 1-
1 1

1-1-1 1 1-1-1
-1 1-1 1-1 1-1
-1 1-1-1 1-1 1-
-1-111-1-1 1-1 1 1-1-11

[y

11 1 1 1 1
-1-1-1-1-1-1
1 1-1-1-1-1

-1
-1

1-1-1 1 1-1-1-1-1 1 1-1-1

B R R R R R e e

r

0000000 ([@oooooooooooo M)

(b) 000 H,0OOOODDOO {m4,...,me} 00000
ROD000O00D0O0000O0O0000000O0000000000000000000000

K?J—S.dat
A, B, C, D, E, F, G, x
, 1, 1, 1, 1, 1, 1, 69
, 1, 1, -1, -1, -1, -1, 31
, 1, -1, 1, 1, -1, -1, 55
1, -1, -1, 1, 1, 149

, -1, 1, 1, -1, 1, -1, 46

, -1, 1, -1, 1, -1, 1, 43

, -1, -1, 1, -1, -1, 1, 118
1, -1, -1, -1, 1, 1, -1, 30
-1, 1, 1, 1, -1, -1, 1, 43
-1, 1, 1, -1, 1, 1, -1, 45
-1, 1, -1, 1, -1, 1, -1, 71
-1, 1, -1, -1, 1, -1, 1, 380
-1, -1, 1, 1, 1, -1, -1, 37
-1, -1, 1, -1, -1, 1, 1, 36
-1, -1, -1, 1, 1, 1, 1, 212
-1, -1, -1, -1, -1, -1, -1, 52

N

rROODOOODOOOOOOOOOO

rROOOOOOOOOO
(‘

> dat<-read.table(file="2_7-3.dat", header=T, sep=",")
> dat.glm<-glm(x~A+B+C+D+E+F+G+A*C+B*D, dat, family=poisson)
> fitted(dat.glm)

1 2 3 4 5 6 7 8
64.52677 47.25345 53.14603 151.07960 30.42595 46.79383 115.24100 32.53337
9 10 11 12 13 14 15 16

49.42430 46.13193 70.90290 360.53502 35.18867 30.25510 232.14438 51.41770

(¢ DOODOOUDOO {y1,...,y16} 0000 OOOOOOOO
16 "
G(y)zQZyilogi
i=1 v

00000000000000000 60002000000 5% 0000000
G(x) = 19.09271
X2 05(6) = 18.5476
(d) M’ 0 Markov OO DOOODODO
4ti2 0000 Markov 00000000 2300 Markov 00OD0DO000



(e) 0000000000 HyODOOOooOooOoOoOoooooOoooooooooooooooooobooooon
gooooboobbbog p0ooooon
QUDO0D0O0ODOODOODOoDo0O0DOO0ODO0ODODoO0DoDO pOO0OD0OD0OODOO0OODODOODODOOO
gooo XDDDDDG(X)219.09271DDDDDDDDDDDDDDD cOd0dooooooooooa
DDWCDD)DpDDDDDDDDDDDDDDDDDDDDDDDDDDDDD
0. x— (000D0000O0D0O0)

oodbd c¢«0
00000000000 G« G(x)
1.BU(—B)DDDDDDDD zO0O0O
2.x+z00000000000007 « &2
Oo0o0o0oo0ooddr«o0
3. 0<R<10000OO0 RODOO
4. r>RUO0O0O00Xpext «— X+ 2
00000000 Xyeys — X
5. Xnext O OOOOOOOOOO
GXnext) > G000 c—c+1
6. X < Xpext
step 1000
0o000oooooobobodd covimeme OOOO
covimeme (00O seed) (DO0ODDO)O0000O0OOOO

(- covimcmc OO OO0 \

./covl_mcmc O 100000

likelihood ratio statistic : 19.092715

69 48 45 157 23 49 116 34 51 47 73 353 41 22 233 56
68 48 45 158 23 50 115 34 52 47 73 352 41 21 234 56
68 48 45 158 23 50 115 34 52 47 73 352 41 21 234 56
69 48 44 157 23 49 116 35 52 47 73 353 41 21 233 56
64 48 56 161 25 52 110 25 47 46 71 350 40 28 238 56
65 49 55 160 24 51 111 26 47 46 71 350 40 28 238 56
64 49 55 160 24 52 111 26 47 46 72 350 40 28 238 55
64 49 55 160 24 52 111 26 47 46 72 350 40 28 238 55
tlratio_count : 4025

appoximate p-value : 0.004025

N J

000 AB/AC/BD/E/F/G 0000000

() 00000 M

/ covariate_mat2.mat \

11 16

11111 11 11 11 1 11 11

111111 1-1-1-1-1-1-1-1-1

11 1-1-1-1-1 11 1 1-1-1-1-1

1-1-1 1 1-1-1 1 1-1-1 1 1-1-1

-+ 1-11-11-1 1-1 1-1 1-1 1-1

-1 1-1-1 1-1 1-1 1-1 1 1-1 -1

-1-111-1-1 1-1 1 1-1-11

-1-11-1 1 1-1 1-1-11-1 1
1i-1-1 1 1-1-1-1-1 1 1-1-1

-1 1-1-1 1-1 1 1-1 1-1-1 1-
i1 1-1-1-1-1-1-1-1-1 11

N s e e = =

[
-

10




(b) ROODOOOOOOOO
RODD0O000D0O00
4 )

> dat<-read.table(file="2_7-3.dat", header=T, sep=",")
> dat.glm<-glm(x~A+B+C+D+E+F+G+A*B+A*xC+B*D, dat, family=poisson)
> fitted(dat.glm)
1 2 3 4 5 6 7 8
63.12502 44.15620 49.96722 146.75155 33.08098 48.63780 120.01126 35.26996
9 10 11 12 13 14 15 16
49.99003 48.73134 74.91772 365.36090 33.03148 29.24715 226.87628 47.84509
>

N J

(c)
G(y) = 16.8381, 3 o5(5) = 11.0705

(d) M’ 0 Markov 000 4ti2 000000000 4100 Markov OOOQOOOOO
(e) cov2memec 0O 0OO00OOOOOOOOO

K cov2mcmc O OO0 \

./cov2_mcmc 1 100000

likelihood ratio statistic : 16.838141

: 0.496995 0.135229

.003644 62 38 49 155 36 53 115 33 45 41 82 371 44 31 218 44
: 1.240357 0.939720

.553470 62 39 50 153 36 52 116 33 44 41 82 372 43 33 218 43
: 2.046756 0.645705

.119319 62 40 50 152 35 52 117 33 44 42 82 371 42 33 219 43
: 1.052914 0.914755

.024061 64 40 48 152 34 51 118 34 44 42 82 371 43 32 218 44
: 1.267671 0.494924

C NTO N oo oo

: 2.105334 0.048496

.524540 63 46 49 146 37 43 115 42 55 42 71 371 34 30 227 46
: 0.991831 0.143881

.548710 64 45 48 147 37 43 115 42 55 42 71 371 35 29 226 47
: 0.502882 0.824895

.548710 64 45 48 147 37 43 115 42 55 42 71 371 35 29 226 47
: 2.006670 0.186261

3.159083 64 45 48 147 36 44 116 41 54 43 72 370 35 29 226 47
tlratio_count : 401

appoximate p-value : 0.004010

e B SN o B S o B~ o B

HRERERE
[1] S.Aoki, A.Takemura, Markov chain Monte Carlo tests for designed experiments, arXiv:math.ST0611463v1
[2] S.Aoki, A.Takemura, Markov basis for design of experiments with three-level factors, arXiv:0709.4323v2

[3] B.Sturmfels, Grobner Bases and Convex Polytopes, 1995, American Mathematical Society, University lecture
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ubooooooobog,boooo 2, 2009.09.15

1 00O (design) DO O0O0D0O0ODO (design ideal)

kOOODOD. 000000 k=QUO0O00D.
00 14£"00000000000000 (design) DOO.

0100000000000000000.
1. Dy: 22000000 (0O {-1,1})
2. D,: 22000000 (00 {0,1})
3. D3:33-000000 (0O {-1,0,1}) 00000000 100000000000.
4. D,: 0000 ACD=1000 2000000 (00O {-1,1})

5. D5 : 0000 ABC?=BCD =1 (a+b+2c=0(mod3),b+c+d=0(mod3))
000 3*2000000 (00 {~1,0,1})

6. Dg: 0000 ABDE = ACDF =BCDG =1000 273000000 (OO
{-1,1})
01 (1) Dr={-1,1}"={(1,1),(1,-1),(-1,1), (-1, -1)}
0000 : [1, chap 3.1]
00200 POO0OO,DO0D0OOOODOOOOODOOOOODOOO
I(D) ={f(z) € Q[z] := Qlz1,..., 0] | f(a) =0(Va € D)}
O DO0OOD0ODOOO (designideal) JODO.
10a=(a,...,a,) €Q"0000000000D0DOODODOODDOO,DO00O,
(x1 —ay,...,xy — an) C Q[z]

00000,m O a = (ai,...,am) (1<i<m)00000000000000

m

m<$1 _ail’---7$n_ain>

=1

0oo0.dodo,0ooooooooooooooa.
0 2 Dl:{_171}2:{(171)a(17_1)7(_171>a(_1a_1)}DDDDDDD

ID))=(-lLy—1)n{z—-—Ly+H)n{z+Ly—LHn{z+1,y+1)
:<.Z'2—17y2—1>



2000000 I={fi,....f), J={q,...,q) 00DO00O

Efr - tfe, (L =1)g1, .-, (L= t)ge) N k[x]

000000 [2,chap4.3]. 0 201000 2000000000000 Risa/Asir O
Singular 00000000000 DOOO0OOO.

~ Risa /Asir ~

[127] F=[t*(x-1),t*(y-1), (1-t)*(x-1), (1-t)*(y+1)];

[t*x-t,t*y-t, (-t+1) *x+t-1, (-t+1) *y-t+1]

[128] V=[t,x,y];

[t,x,y]

[129] G=nd_gr(F,V,0,2);

[-y~2+1,-x+1,-y+2*t-1]
N\ J
Risa/AsirDD,DD ndgrO DO00O0ODODODOODOOODOO. OODOODODOD
O0000040000000.0000,0: 000000000 (grevlex),1: 0000
0000 (grlex), 2: 00000 (lex) DOO0OO. 0O0ODO0OOOO 200000000. 0O
oobooobodts=z>=y 0O lexOO0O0OODDODOOOOOOODOODO. OOO,00
godod+«todoouoodoouoouoouoooooooooooon.

-~ Singular ~

ring r=0, (t,x,y),1p;
ideal I=x-1,y-1;
ideal J=x-1,y+1;
ideal F=t*I, (1-t)*J;
groebner (F) ;
_[1]=y2-1
_[2]=x-1
_[3]1=2t-y-1
> eliminate(F,t);
_[1]=y2-1
_[2]=x-1
> intersect(I,J);
_[1]=x-1
_[2]=y2-1
_[3]=xy-x-y+1
> option(redSB);
> groebner(_);
_[11=y2-1

_[2]=x-1
-

vV V V V V

y

Singular 000000000000, 1000 Q[t,z,y], 0000 1p(00000)00O0O
O0000.0000000000000 groebner() D000 std() OOODO. Risa/Asir




000000000000 t0000000000000000. 00, Singular 0000
00000000000 eliminate() 000,000000000000. 000000 2
000 +¢00000000000000.000,000000000000 intersect()
00000000.000,000000000000000, option(redS) 0000
00000000000000000000000000.00 »»000000000

2000000000000000000,000 (P, 000030)0000000
0000000000.000,0000000000000000000000 (3, chap
62]000. NDOODOOO L= {fu,...,fir) Cklz] 00000

I:<tifi1,...,tifiki(i:1,...,N),t1+"'+tN—1>ﬂk3[CC]

ogoo. bp,ogoood,
~ Risa /Asir ~

[130] F=[t1*(x-1),t1x(y-1),t2%(x-1),t2*x(y+1),

3% (x+1) ,t3*%(y-1) ,t4* (x+1) ,t4* (y+1) ,t1+t2+t3+t4-1] ;
[t1*x—tl,tl*y-tl,t2%x-t2,t2*y+t2,t3*x+t3,t3*y-t3,td*x+t4d,td*y+t4,
t1+t2+t3+t4-1]

[131] Vv=[t1,t2,t3,t4,x,y];

[t1,t2,t3,t4,x%,y]

[132] G=nd_gr(F,V,0,[[0,4],[0,2]11);
[-y~2+1,-x"2+1, (~y+1) *xx+y+4xtd-1, (y+1) *x-y+4*t3-1,

(y-1)*x+y+4xt2-1, (~y-1) *x-y+4*t1-1]
N </

gogoooooooaoon, ¢4,...,t, 0000000000000 000000
0. 000, 0000000000000 000ODOODOO0O. (2000000000
[([0,4],[0,2]1] O, 0000000 vOOOO0O400000000000 0 : grevlex
OO0o0oo0OO,0b0000bobo0g2000Dbo0ogg o:grevlexOOOOOOO
O0,00000000 (blockorder). 000, ¢ =te>=t3 =ty >z =y 0000000
gooooooo,boboboboboboobooobooooooo.

-~ Singular ~

ring r=0,(t1,t2,t3,t4,x,y),(dp(4),dp(2));
ideal I=x-1,y-1;

ideal J=x-1,y+1;

ideal K=x+1,y-1;

ideal L=x+1,y+1;

ideal F=t1x*I,t2%J,t3*K,t4*L,t1+t2+t3+t4-1;
groebner (F) ;

_[1]=y~2-1

_[2]=x"2-1

_[3]=4xt4-x*y+x+y-1

_[4]=2%t3-t4*x+t4+x-1
_[5]=2%t2-t3*y+t3-t4*y+td+y-1

V V V V V V V




_[6]=t1+t2+t3+t4-1

> eliminate(F,t1xt2%t3*t4);
_[l=y~2-1
_[2]=x"2-1

> intersect(I,J,K,L);
_[1l=y~2-1
_[2]=x"2-1
_[3]=x"2%y+x"2-y-1

> option(redSB);

> groebner(_);
_[1l=y~2-1

_[2]=x"2-1

J

OD000 Singular 000000000 DOOOO. blockorder D000 (dp(4),dp(2))
0000000 (@ Ogrevlex0000)0000000000O0O0OOOOODOOODOO
O. 00, eliminate() D0 O0O0D0OOO0ODOOODOOODOOOOOODO200000. O
O, intersect) 0 3000000000 OOOOOOOODO.

0 20000000000000 (0000000)00000.
OOO0O0 : [1, chap 3.2
1.01.0 Dy
2.01. 0 Dy Dg
3. D7 ={(0,0),(1,0),(2,0),(3,0),(0,1),(1,1),(2,1),(0,2)} € Q* (Echelon design)

0 3(0000000000) Singular O eliminate() O intersect() DO O OO0
00 Risa/Asir 00O OO,

04(QO0O00000000) 0D D(DODODODODOOO)ODOOOO,0000000
0 I(D) 000000 Risa/Asir, Singular 000000,

01 CoCoADD 040000000 IdealOfPoints(O) 00O OOOOO,00000O0
gooooo.

/‘COCOA, ~

Use R ::= Q[x,y];

P := [[1,1],[1,-1],[-1,1],[-1,-1]1];
I := IdealOfPoints(P);

I

Ideal(y"2 - 1, x72 - 1)

I.GBasis;




2 Joooobooooobob

00 DO0O0OO0 20000 (000 or0D00O0)F,GOOOODODOOOO F-Ge
I(D) 0000000000 0. 0000000000, 000000000O000OD. O
oo, 0boobbooboobbooboobbooboooboog.

00 3 ([2] chap 2.6) GOODDODO ICklz)]000000000, fekz]000.0
000, fel000000,f0 GOOO0O0O0O00O0000O0OOOO.

Risa/Asir 0 Singular 0 00 (normal form) 000000000000 OO.

03 f=a?y+ay’+y?, g=a?y+ay’+9y?>—2>2-2y00000 I={(y>—1,2y—1)
ooooooono.

~ Risa /Asir ~

[133] B=[y~2-1,x*xy-1];
[y~2-1,y*x-1]

[134] V=[x,y];

[x,v]

[135] GB=nd_gr(B,V,0,0);
[x-y,y~2-1]

[136] F=x"2*y+x*y 2+y~2;
y*xT2+y T 2%x+y "2

[137] p_nf(F,GB,V,0);
2%y+1

[138] G=y*x"2+y~2%x+y~2-x"2-2%y;
(y-1)*x"2+y " 2%x+y~2-2%*y
[139] p_nf(G,GB,V,0);

U Y,

000000000000, pnf() O0DO0ODOD (DOOO)OOOOO. pmf() O
400000000000 00O00DO0DOOODOODOLOOODOODOOOODOOO
OO00ODo000O00O0o0bOO00oO0O0OooO0oDOOo0ooOooUoD. ooogoogo, fe1,
gel 0000000000, Singular 00O00OO00OO0ODO.

Singular

> ring r=0, (x,y),dp;
> ideal I=y~2-1,x*y-1;
> ideal GB=groebner(I);



> poly f=x"2xy+x*y~2+y~2;

> reduce(f,GB);

2y+1

> poly g=y*x"2+y 2*xx+y~2-x"2-2%y;
> reduce(g,GB);

- J

Us5Dp,0000,0000000D00O.
1. 0000,000 CcOOO0OO0OO0 AppooOoOooooooooooooo.

2.000 COO00O00 ApOoOoOoOoOoUOUOoDOCoCOOUOUOOoDODOOOOOOO
gooo.

3. {A9B2(C%=D% |¢;=0,1} 00000000000000.

06 Dg0OO0O,

1. ABO AC, ABO DE, AC 0O ABEF OOOOO0ODOOOOOCOODOOO
0.

2. 000000000000 O00O0DO0OD0OD.

07 D,0000,000000000000 M:A/B/C/DDOOOO.

1. 0s500000000b0bobooo, MO020000b0b010bOobbOODOD
gboooooboogaboan.

2. MO300000000DODODODODODODODODODODOO.

3. MOODOOODOODOODODUODUDUODODOODODDODODODODODODODUOODOOO. (1.00O
O000ooooooooog.)

goog

[1] Pistone, G. Riccomagno, E. Wynn, H. P. (2000). Algebraic Statistics, Computational
Commutative Algebra in Statistics. Chapman & Hall.

[2] D. Cox, J. Little and D. O’Shea. (1992). Ideals, Varieties, and Algorithms, Springer-
Verlag, New York.

[3] T. Becker, V. Weispfenning. (1993). Grébner Bases, Springer-Verlag, New York-
Berlin-Heidelberg.

[4] Asir User’s Manual,
http://wuw.math.kobe-u.ac. jp/0OpenXM/Current/doc/asir2000/html-jp/man_toc.html

[5] Singular Online Manual,
http://www.singular.uni-kl.de/Manual/latest/index.htm



obooooobooboog,booboo 2,000 2009.09.15

1

oo

o3

00 (design) 00O O00O0O (design ideal)

oboooboobooboobooobobg.

. Dy:22.000000 (00 {-1,1})

D,:22000000 (00 {0,1})
Ds: 33000000 (0D {-1,0,1}) 00000000 100000000000.
D,: 0000 ACD=1000 2000000 (00 {-1,1})

Ds: 0000 ABC?=BCD =1 (a+b+2c=0(mod3),b+c+d=0(mod3))
000 3*2000000 (00 {-1,0,1})

D¢ : 0000 ABDE = ACDF =BCDG =1000 23000000 (00O
{-1,1})

U000 designdata.xrr 000000000 O000O0O.
0000000000000 (bobooooo)ooooo.

O1.0 Dy

01.0 Dy 0 Dg

D7 ={(0,0),(1,0),(2,0),(3,0),(0,1), (1,1),(2,1),(0,2)} € Q? (Echelon design)
I(Dy), I(Ds), I(Dg) O lex 0, 00000 grevlex D 0000000000,
I(Dy) = (22 — 1,92 - 1)

I(Dy) = (2% — z,y° — y)

I(D3) = (z3 — 2,92 —y, 2% — 2, 2y2)

I(Dy) = (a —cd,b> —1,c¢* —1,d> — 1)

I(Ds) = (2a— (2d? —d)c? — (3d? —2)c+2d?, 2b— 3dc? — (3d? — 2)c+2d, c3 — ¢, d* — d)
I(Dg) = (a — ceg,b—cef,c> —1,d—efg,e? —1,f2—1,g> - 1)

I(D7) = (z* — 623 + 1122 — 62, 23y — 322y + 2zy, 29? — 2y, 3> — 3% + 2y)

(D00O0DO00O00OD0) Singular 0 eliminate() O intersect() OO OO OO

00 Risa/Asir 0O000OO.

un

design.rr 000 eliminate() O intersects() 0O OOOOOO.



04(QO0O00000000) 00 D(DODODODODOOO)ODOOOO,0000000
0 I(D) 000000 Risa/Asir, Singular 000000

00 design.rr 000 design ideal() OO ODOODOO.

2 ODoOooodoooooodd
05 D,0000,000000000.
1.0000,000 CcOO0000 ADODOOODOOODOOOOOOOOO.

000000000 MOOOOO M'O

Af1 1 1 1 -1 -1 -1 -1
1 1 -1 -1 1 1 -1 -1
cftT -t 1 -1 1 -1 1 -1
1 -1 1 -1 -1 1 -1 1

ooooo,Apoooodbo (1 -11 -1 1 -1 1 —-1)000,C0O AD
goooooooooogoooo.

2.000 CcO0OD0O0O0 ADODOUODOOODDOUODDOUODOODOODOODOO
gooo.

Risa/Asir

[189] I4=[a-c*d,b"2-1,c"2-1,d"2-1];
[a-d*c,b"2-1,c"2-1,d"2-1]

[190] p_nf(c-ax*d,I4,[a,b,c,d],2);

0

3. {A9B2CsDe | ¢;=0,1} 00000000000000.
I = ACD,A = CD,B = ABCD,C = AD,D = AC,AB = BCD,BC =
ABD,BD=ABC 08000000000000000.00000 alias-1.rr
0oo.

06 DgOOOO,

1. ABO AC, ABO DE, AC O ABEF OOQOQOOUODOOODOOOODOOO
ao.



I Risa/Asir ~
[211] I6=[a-c*e*g,b-c*exf,c”2-1,d-exf*g,e"2-1,f72-1,g72-1];
[a-g*exc,b-f*e*xc,c"2-1,d-g*f*xe,e"2-1,f72-1,g72-1]

[212] p_nf(a*b-ax*c,I6,[a,b,c,d,e,f,gl,2);

-gxe+gkxf

[213] p_nf(a*b-dxe,I6,[a,b,c,d,e,f,gl,2);

0

[214] p_nf(a*c-axb*exf,I6, [a,b,c,d,e,f,gl,2);

O Y,

O00,ABO ACOOODOOODOOO,ABO DE,ACO ABEFOQOQOQOOO
ao.

gboooboboooboobooobobaon.
gboboobonbo,obobooboooboobooooobobobonoobonbo
U00.00000 alias-2.rrJ0OQd.

07DpD,0000,000000000000M:A/B/C/DOOODO.

1.

Os500b00boboooonouoo, MUb2b00bbooobooi10bgooboboog

gboooooboabooan.
00000000000 20000000 AB,BC,BDO 30000,

AB/C/D, A/BC/D, A/BD/C
O3000000oogoooooooon.

MO30OOOOooOOooOoobOOobOobOobOobOobOobobobobobon.
Joopoooboooboooob,oboobob 20000000 300b000000
oob.0b0o0040000000000000O0DO90000O0O0,0D0O08DLDOO
goobobobob1b0bob0ooo0. oobobo, MO 3000000ODODOO
goooboboooboobooooobgo.

MOOOOODOODOODOoOOoooooooooooooooooooaa. (1. aod
DDDDDDDDDDDDDD.)

4: A/B/C/D

|
5: AB/C/D A/BC/D A/BD/C
V<< s |
6: AB/BC/D AB/C/BD A/BC/BD
7: AB/BC/BD






981608 (kEH)
(8%2) 10 : O‘ON] 2:00

(D-MBEESLTF—HKE

=l 5% (BPARFRFERBFHFEE - IST CREST)
(BB NSA—IFEFEIOB/AETHOPFEAREHETSMELEHRLELT, D-MBEOT7IVT
URXLEBNT S, $5I1C holonomic rank DFE. Pfaffian NODZEHE, ODE section DEHHE. b-F
BOHE., BATINITVYXAICDVWTHRT S, F8HELT. A-BRAAERD b-BHEHETS
EESHEDHBENNANATESZZEBEBNT S, ]

(B82) 14:00~
(D-MBLILTF—RE]
BRIl S (WPRFERFBREFHRE - IST (REST)
Bl K (MPAXKZEXZEREZHAFE - IST CREST)
[#]2E : Risa/Asir, Macaulay2. kan/sml ZREZFIA L. holonomic rank MFE, Pfaffian NDZE
#a. ODE section MDFTHE. b-BAXODHE. BATI IV XAREERET S, AEETHNIL. Maple
ZFALTERS A EROBOBBEADAELORET 5, ]
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71 1VE

Macaulay 2, version 1.1.99
with packages: Classic, Core, Elimination, IntegralClosure,

A

ol

ol

12

02

02

PrimaryDecomposition, SchurRings, SimpleDoc,
loadPackage "Dmodules"
= Dmodules
: Package

: QQ[x,y,dx,dy,WeylAlgebra=>{x=>dx,y=>dy}]

QoLx, vy, 'dx, dyl

: PolynomialRing

71 IV
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18 ¢ JI=rdeal(L, I-2)
2 152
08 = ideal (x y + x*dx - 2, -x + dy)
2
08 : Ideal of Q@[x, y, dx, dyl

19 2 I=inw(E, 0,01, 1)

09

ideal (2dy, =*dx)
09 7: Ideal of ‘QQfx, v, dx. dyl

110 idim 3
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1 4
ol2 : Matrix ‘(QQ[x, vy, dx, dyl) & <— (QQFx, v, dx, dyl)

113 = 235005 1)
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3
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Maple | K i EHEDETE

taka@orange2(1)=> maple

[ Maple 7 (IBM INTEL LINUX)
> with(DEtools);
> L:=3%y%*dx " 3+x*dx+1:

3
L= 3 ydee  +ixdx +.10
> Ll:=subs(y=1,E);
3
LL ‘s="3 dx . ¢ x dx &+ 1

> formal: sol (LL, [[dx, x| ;T,x=infinity):
3 6
ELE:EL =6 T = Q€L ), T = 1/xl;:

2
/2 1 3 6 T
BT exp(2 ----) (1 +5/144 T + 0O(CT )), - 1/3 ---- = 1/x]]
3 il
s

> quit):

1% B /it
4 J) A

. rr . - X
YR matrix ((2-9¥X0L, —x3 MR,
W, X
D O
L Y £ B
X J
a ’\" > - ( Y L\» % \
Uyx T<53g T v ctiX g2
N - > — i
K= QQQ(xx, p)
. / a ~
L ‘Z\ L" ) i
Q Wnr i 5.-\) = Y } é“ s RS L o
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R TO&tH. Pfaffian DFH. yang /\v 57—

@J 1 x0x + 30, +1,0° — 8. Sx & 6, = x0;. Sy |3 0, = yd,.
\
‘1mport("yang.rr"); \
yang.define_ring([x,y]);
i Sx=yang.operator(x); 7
K‘ ' Sy=yang.operator(y) ; ;
TJL1=Sx+3* *Sy+1;
[2=y*Sx*(Sx-1)*(Sx-2)-x% 3 5SSy
G=yang.buchberger([L1,L2]);
yang.stdmon(G) ;
Sl=yang.constant(l);
Base=[S1, Sy, Sy*Sy]; 3 ( ‘@f@ﬁ
Pf=yang.pfaffian(Base,G); B .j\ ()
/(SR EION BE] TE

SES 9“/@71%3"(. 'g; ‘?S

Fax: ELOVHATREW(AREL—Y 3 VRS LKD)

TeXmacs ODFIH.

:} No name [1]

7740 WE FA Ey¥a v OpenXM &R X&F #2145 B3

COdEe8X % REBRDE HOHsOHFH

EEEE®x|IBSH
OpenXM/Risa/Asir-Contrib(20080222), Copyright 2000-Z

helph(); [html help], ox_help(0); ox_help("keyword")
for help messages (unix version only).

openxm] quotetotex_env("conv_rule",7);
1

openxm] dx~3+x;
g+al)

openxml newmat(2,2,[[1,1], [x"2,y~2]11);

TEsel
22 32

Asir DIES.

print_xdvi_form(z) ;
print_xdvi_form(P£[0]);




D-Oopoobobooboo,buoo,oboobog.
2009.09.16

1.ggboo.

(a) 20,(z0,—1) 0 00000000000 (D0O000000O0)
O =120,+100000,

20, (20, — 1) = 2(0,2)0 — 20, = 2(20, + 1)0, — 0, = *0? + 20, — 20, = 2°0°.

gboboboooobbooogboog.

~ Risa /Asir ~
[1206] V=[x,dx];

[x,dx]

[1207] P=x*dx;

x*dx

[1208] Q=x*dx-1;

x*dx-1

[1209] DP=dp_ptod(P,V);

(1) *<<1,1>>

[1210] DQ=dp_ptod(Q,V);

(1) *<<1,1>>+(-1)*<<0,0>>
[1211] DPQ=dp_weyl_mul (DP,DQ) ;
(1) *<<2,2>>

[1212] dp_dtop(DPQ,V);
xX"2*xdx"2

/—I(an/snll

sm1>[(x) ring_of_differential_operators 0] define_ring ;
sm1>(x*Dx) . (x*Dx-1). mul ;

sml1>dehomogenize ::

x"2xDx"2

-~ Singular

LIB "nctools.lib";

ring r=0, (x,dx) ,dp;

def D=WeylQ);

setring D;

poly f = x*kdx*(x*dx-1);
f;

x"2%dx"2

V V V V V V

Macaulay 2
(’il : R = QQ[x,dx,WeylAlgebra => {x=>dx}]; \W



12 : xkdx* (x*dx-1)

(b) 20,(z0y —1)--- (280, —k) 000000000000, k=2,3,4,5.
000, 29,(28, — 1)+ (29, — k) = 2*19¥ 000, (0D0O0O)
(¢c) a,b,c0000000O0O, 0, =20,,0,=y0,00000,0,(0,+60,+c—1)—x(0,+0,+
)6, +b) 000000000000,
0,0 +6,+c—1)—x(0, +0,+a)(b, +b)
=0,(0,+c—1)—2(0, +a)(0, +b)+ 0,0, — 20,(0, +b)
=a{z(l - 2)0?+ (c—z(a+ b+ 1)), —ab+ ((1 — )9, — b)yd,}

(d) x — —0,, 0, — 2 0000000 Fourier 00000, « OO00OODODOODOOOO,
L=0,+2ax 0 Fourier 00 F(L)ODOOO. F(F(L)ODODOOO.
F(L)=x+ 2a(—0,) = x — 2a0,,
F(F(L)) = F(x — 2a0,) = —0, — 2ax = —L.

~ Risa /Asir ~
[1390] load("nk_restriction.rr");

[1525] L=dx+2*ax*xx;

dx+2*a*x

[1526] FL=nk_restriction.fourier_trans(L, [x], [dx]);

-2%axdx+x

[1527] FFL=nk_restriction.fourier_trans(FL, [x], [dx]);

—dx—-2*a*x

-~ Kan/sml ~
sm1>[(x,a) ring_of_differential_operators 0] define_ring ;
sm1>(Dx+2xa*x) . [(x) (Dx)] laplaceO /FL set ;

smi1>FL ::

-2%axDx+x

sm1>FL [(x) (Dx)] laplaceO ::

-2%x*a-Dx

(f-hlacaulay 2

il : loadPackage "Dmodules";

i2 : R=QQ[a] [x,dx,WeylAlgebra => {x=>dx}];




2.

i3 : L=dx+2*a*x;

i4 : FL=Fourier L

o4

X - 2axdx

o4 : R

i5 : FFL = Fourier FL

o5

- 2axx - dx

o5 : R
. J

(a) T-e " =0 000 holonomic 000D I 0000 holonomic 000000000

oooooooooo?

dyee 7 = (—1=3xt?)e """ Jee i = —3e 2’ OO OO0, I = (04143212, 0p+
YO T-e ™" =00000. n000 Weylalgebra DOOOOOO IO holonomic O
00000000,/ 0000000 ch(l):=ingey(l) C Kz, 0 Krull 000 » 00
O00000000,0000000000. IO0OO (0,0,1,1) 00000000000
(8, +1+322,0,+1*} 000 (00D0D0O00) 00, ch(l) = (&,&) C Kla,t,&,&]. O
OO0 KrulOODO 200000, 70 holonomic OOO.

- Macaulay 2 ~

il : loadPackage '"Dmodules";

i2 : R=QQ[x,t,dx,dt,WeylAlgebra => {x=>dx,t=>dt}];
i3 : I=ideal (dt+1+3*x*t"2,dx+t"~3);

03 : Ideal of R

i4 : charIdeal(I)

04 = ideal (dt, dx)

04 : Ideal of QQ [x, t, dx, dtl

i5 : dim(o4)

ob = 2




(b) D/ID t0D0D000 D-0000OOOO D/(I+4D)00000. (00000000
00 000 Grébner basis 00000000000 )

~ Risa /Asir N
[1384] load("nk_restriction.rr");

[1519] I=[dt+1+3*x*t~2,dx+t"3];

[dt+3*%t~2*x+1,dx+t"3]

[1520] nk_restriction.integration_ideal(I, [t,x], [dt,dx],[1,0]);

—-- generic_bfct_and_gr :0sec(0.001976sec)

generic bfct : [[1,1],[s,1]]

SO : 0

B_{S0} length : 1

-- fctr(BF) + base :0sec(0.0009sec)

-- integration_ideal_internal :0.004001sec(0.001181sec)

[27*x~3*dx " 2+54*x " 2*dx+6%x+1] y

N
~ Macaulay 2 ~

il : loadPackage '"Dmodules";

i2 : R=QQ[t,x,dt,dx,WeylAlgebra => {t=>dt,x=>dx}];
i3 : I=ideal (dt+1+3*x*t~2,dx+t"3);

03 : Ideal of R

i4 : Dintegration(I,{1,0})

04 = HashTable{0 => cokernel | -27x3dx"2-54x2dx-6x-1 |}

1=>0
N
(—I(an/snll
sm1>(cohom.sml) run ;
smi1>[[(Dt+1+3 x t72) (Dx+t~3)] [(t)] [[(x) (t)] [1]] integratiomn ::
[ Dt+1+3 x t72 , Dx+t"3 ] ==> [ 3*x*Dt"2+t+1 , -Dt"3+Dx ]
[ [ 3%x*Dt"2+t+1 , -Dt"3+Dx ] , [ t ] ] bfm
sm1>sm1>b-function is -s
[ [ 3*x*Dt"2+t+1 , -Dt"3+Dx ] , [t ] , 0, 1 ] restalll_s
Computing a free resolution ...
Resolution procedure stoped because counter ==
A free resolution obtained.
0-th cohomology: [ 1 , [ 27*x"3%Dx"2+54*x"2*Dx+6*x+1 ] ]
sm1>-1-th cohomology: [0 , [ 1 1]
Ksm1>[ [ 1, [ 27*x"3*xDx"2+54*x"2xDx+6*x+1 1 1 , [0, [ 1 1 1]




o l-step U0
I0000000 ¢t+0000 Fourter 0000000000 F(I) = (t+1+320?,0, —3)
gooboooooooo.

0o, (t29,0,) 0000000 w=(-1,0,1,0000000000000000000.
000000000000000000000000.

- Risa/Asir ~
[1206] FI=[t+1+3*x*dt~2,dx-dt"~3];
[3*xxdt~2+t+1,dx-dt "~ 3]

[1207] HFI=map(homogenize,FI, [t,x,dt,dx],h);
[3*x*dt~2+h"2%t+h"~3,h"2*dx-dt "~ 3]

[1208] dp_weyl_set_weight(1tov([1,0]));
[10]

[1209] HG=nd_weyl_gr(HFI, [t,x,dt,dx,h],0,11);
[3*x*dt"2+h"2*t+h"3,h"2*%dx-dt"3,-3*h " 2*x*dx+(-h"2*xt-h"3) *dt-h"4, (9*h " 2x*x
(18*h"2%t-18%h"3) *x"2) *dx+6*h "~ 2%t~ 2*xx*dt+ (6%¥h~4*t-6%h"5) *x~h"4*t~2-2xh"§
27*h"2*x"3*dx " 2+54*h " 4*x " 2*xdx+6*h~6*x+h"~4*t " 3+3*h~5*xt " 2+3*xh~6*t+h"~7]
[1210] G=map(subst,HG,h,1);
[3*xxdt"2+t+1,dx-dt "3, -3*x*dx+(-t-1) *dt-1, (9*x"2*dt+(18*t-18) *x"2) *dx+6%

~2xdt+
*t-h"6,

[t~ 2kx*

dt+(6%t-6)*x-t"2-2%t-1,27*x"3*dx "~ 2+54*x "~ 2xdx+6*x+t " 3+3*t " 2+3*xt+1]
_ J

O000,0000 FI)OOODO w0000 generich-0000000O.
Risa/Asir

[1213] generic_bfct(FI, [t,x], [dt,dx],[1,0]);
S

J

generic -O O DD O0ODO0 0000. 00 ¢OO0OD000 wOODODODO (ord) 00O
2,3,1,1,00 0000000000 F(P) = 27230 4+ 542%0, + 6x + >+ 3t2 + 3t +1 0
000 t=0000, 27230 + 54220, + 62+ 10 1000000000000 0O0.

[ emt=="qt (Ary 00000) 00000000000000.

Alx) = [[Fe @000, (b) 00000 F(P) = 272%02 + 5429, + 62 + ¢* + 3% +
3t+1e€ F(I) OO Fourier O O

P = 272°9? 4 542°0, + 6z + 0; + 307 + 30, + 1
= (272°02 + 5420, + 62 + 1) + 0,(0} + 30, + 3) € I



ooo. o000,

(272302 + 54220, + 62+ 1) ® A(z) = —0,(0? + 30, + 3) ® A(x)
+oo

= — O (02 + 30, +3) e et
0

- /+°° O((07 +30, +3) e
o ot

:—R&+3@+a.5*w}

dt

+o00
0

+oo
= — [(9x2t4 — 3at? — 6t + l)e_t_zt?)}

0
=1

000, A() 000000
(272°0% + 542°0, + 6x + 1) @ A(z) =1

ooogo.

(d) Maple 00DO0OD0)000000D0O0OO0O0 ¢t=00000000000.0000000
O000000oooooo(moo)oooo.

3. f()=t(1—t)000.

(a) Ann f* 0000,
Risa/Asir

[1208] ann(t*(1-t));

[(=t72+t) *dt+(2+t-1)*s]
J

Ann f* = ((—t* + )0, + (2t — 1)s)

(b) (Es— f)ef*=0000. 000 Es;eF(s)=F(s+1) 00000000, E; < p,
s+1< —pd, 00 Melin 000, Es— f,Ann f°0 00000000 JO p,t000O
O holonomic OO0 O 0OOOOOOOOOMO.
J=p—t(1—1t),(=t* + )0, + (2t — 1)(—pd, — 1)).
J 0O holonomic 0000000000000 ch(J)O Hilbert 0000000000,

(Risa/Asir ~N
[1209] J=[p-t*(1-t), (-t~ 2+t)*dt+(2%t-1)*(-p*dp-1)]1;

[p+t~2-t, (-2%t+1) xp*dp+ (-t~ 2+t) *dt-2*t+1]

[1210] V=[p,t,dp,dt];

[p,t,dp,dt]

[1211] M=newmat(5,4,([[0,0,1,1],(1,1,1,1],[0,0,0,-1],[0,0,-1],[0,-11]1);
[0011]

[1111]

000 -1]

[0OO0-10]]




[0-100]
[1212] G=nd_weyl_gr(J,V,0,M);
[p+t~2-t, (-2%t+1) *p*dp+p*dt, (4*p~2-p) *dp+(2*t-1) *pxdt+4*p]
[1213] IN=[p+t~2-t, (-2xt+1)*p*dp+p*dt, (4*p~2-p) *dp+(2*t-1) *pxdt] ;
[p+t~2-t, (-2%t+1) xp*dp+p*dt, (4*xp~2-p) *dp+(2*t-1) *p*dt]
[1214] DIN=map(dp_ptod,IN,V);
[(1)%<<0,2,0,0>>+(1)*<<1,0,0,0>>+(-1)*<<0,1,0,0>>,
(-2)%<<1,1,1,0>>+(1)%<<1,0,1,0>>+(1)*<<1,0,0,1>>,
(4)*%<<2,0,1,0>>+(2)*<<1,1,0,1>>+(-1)*<<1,0,1,0>>+(-1)*<<1,0,0,1>>]
[1215] HDIN=map(dp_ht,DIN);
[(1)%<<0,2,0,0>>, (1)*<<1,1,1,0>>, (1)*<<2,0,1,0>>]
[1216] HIN=map(dp_dtop,HDIN,V);
[t~2,t*p*dp,p~2*dp]
[1214] sml.hilbert ([HIN,V]);
5/2%h"2+3/2*h+1
- /
Hilbert 0000000 200000 J O holonomicO0OOOODOOODODO.

() D/JO 00 ¢00000 P-000000000000,B(s)=Jf,fd0000 s0O
0000000 (contiguity relation) D 00O .

-~ Risa/Asir N
[1384] load("nk_restriction.rr");
[1519] J=[p-t*(1-t), (-t~ 2+t)*dt+(2*xt-1) *(-p*dp-1)]1;
[p+t~2-t, (-2%t+1) *p*dp+ (-t~ 2+t ) *dt-2*t+1]
[1520] FJ=nk_restriction.integration_ideal(J, [t,p], [dt,dp],[1,0]);
—-- generic_bfct_and_gr :0.004sec(0.007393sec)
generic bfct : [[1,1],[s,1],[s-1,1]]
SO @ 1
B_{S0} length : 2
-- fctr(BF) + base :0sec(0.004466sec)
-- integration_ideal_internal :0.008001sec(0.005727sec)
[ (4*p~2-p) *dp+2*p]
\_ /
00000000, 4%, —pd,+2p 00 Melin 000000 O0ODO

4B (—s— 1)+ (s+1)+2E; = —4(s+2)Es+ (s+ 1)+ 2E, = —2(2s+ 3)Es + (s + 1)

O B(s) = fol ffdt 0 annihilate 00000000 . 00O, —(2(25+3)Es—(s+1))eB(s) =
oboobo.bo0,00b00000

2(25 + 3)B(s + 1) = (s + 1)B(s).

() 000000000 B(10000) 000000,
(¢)0000000000,s000000

s s!

T T w0

B(s) =



D0000.000,B(0)=f,d=1000

s! (s1)?
B(s) = 2225+ DI~ (25 + 1)1

B(10000) 000000000 OOODOOOODOOOOODOOD.

Risa/Asir
[1217] for (B=1, S=1; S<=10000; S++) B*=2%(2*S+1)/S;
[1218] B;
Oo0oOon0o (obeo230000)
- J

4 f)=tib(1-t,—t,) 00000000000,

By(s) = [, fodt, (De={(t1,t2) |0< 1 <1,0<t, <1-4,}) 0000000 (00, Dy O
oooo).
~ Risa/Asir ~

N

[1384] load("nk_restriction.rr");
[1519] F=t1xt2*x(1-t1-t2);
—t1*t272+(-t172+t1) *t2

[1620] A=ann(F);

[-2%t1*t2*%dt2+ (3%t 1t 2+t172-t1) *dt1-3*s*t2+s, t1*xt2xdt2+(t172-t1) *dt1-3*s*t1+f,
(£272+(2%t1-1) *t2) ¥dt2+ (-2%t 1*¥t2-t 172+t 1) *dt 1]

[15621] MA=map(subst,A,s,-p*dp-1); /* s0 1000000000000 =/
[-2%xt1xt2*%dt2+ (3%t 1*xt2+t172-t1) *dt1+(3*p*t2-p) *dp+3*t2-1,t1xt2xdt2+(t172-t1)
dt1+(3*p*xtl-p) *dp+3*t1-1, (£t272+(2*t1-1) *t2) *dt2+(-2*t1*t2-t172+t1) *dt1]
[1522] MA=cons (p-F,MA);

[t1xt272+(t172-t1) *t2+p, 2%t 1kt 2xdt2+ (kL 1xt2+t172-t1) *dt 1+ (3*p*t2-p) *dp+3*tP-
1,t1xt2+dt2+(t172-t1) *dt 1+ (3*p*t1-p) *dp+3*t1-1, (£272+(2%t1-1) *t2) ¥dt 2+ (-2*t 1t
2-t172+t1)*dt1]

[1523] nk_restriction.integration_ideal (MA, [t1,t2,p],[dt1,dt2,dp],[1,1,0]);
-- generic_bfct_and_gr :0.016sec + gc : 0.004sec(0.02054sec)

generic bfct : [[1,1],[s,1],[s-1,2]]

SO : 1

B_{S0} length : 3

-- fctr(BF) + base :0.004sec(0.004sec)

-- integration_ideal_internal :0.004sec(0.002161sec)
[(27xp~3-p~2) *dp~2+ (54%p~2-p) *dp+6%*p]

x




(27p% — p*)02 + (54p® — ), +6p 00 Mellin 00 O

(27p — 1)p23§ + (54p — 1)po, + 6p = (27p — 1)pd,(pd, — 1) + (54p — 1)pd, + 6p
= (27p — 1)(pdy)* + 27pd, + 6p
— (27TE, — 1)(=s — 1) + 27E,(—s — 1) + 6 E,
= (27(s +2)* = 27(s +2) + 6) B — (s + 1)*
=3(3s+4)(3s +5)E, — (s + 1)

00000, By(s) 00000000
3(35 +4)(3s 4+ 5)Ba(s + 1) = (5 + 1)?By(s).

000,B(0)=1/200000 s000000,

5 2? 12
B = cee . . B(0
2(8) = 3B T 35 7 9) 5738 3105 20
B 5 22 12 1
© 3(35+1)(3s +2) 3-7-8 3-4-5 1-2
(s1)?

T 35(3s + D)IN(3s + 2)!1]

(s))?
(3s+2)!"

gooo ,Eﬁ(lOOOO)I] oo0 100 143190000,
(O0) f(t) = ([T te) A= ) 000 Dy ={(t,....t) [0<t; <131 (1<i <

=1

n)} 000000 Bu(s)= [, fdt0 s000000D0),

(s!)rtt
(CEDEE

B,(s) =

1111
5 A= 0110 -1 |OOO.
0011 -1

(a) ADOOOO A-0000O0O0ODOO JOoOooao.

~ Risa /Asir N
[1236] A=[[1,1,1,1,1],(0,1,1,0,-1],(0,0,1,1,-1]];
(ct,1,1,1,11,10,1,1,0,-11,[0,0,1,1,-1]1]

[1237] B=[b1,b2,b3];

[b1,b2,b3]

[1238] G=sml.gkz([A,B]);
[ [x5*dx5+x4*dx4+x3*dx3+x2*dx2+x1*dx1-bl, -x5*dx5+x3*dx3+x2*dx2-b2,

-x5*dx5+x4*dx4+x3*%dx3-b3,dx2*dx4-dx1*dx3,dx3*dx5-dx1"2,dx3"2*dx5-
dx1*dx2*dx4,dx3"3*dx5-dx2"2*dx4"2], [x1,x2,x3,x4,x5]]




(b) ;00000000000 J0O §000000000000000000 (30000
000). ADODD0DOO0000O0007

~ Risa /Asir N

[1239] J=G[0]$

[1240] VDV=[x1,x2,x3,x4,x5,b1,b2,b3,dx1,dx2,dx3,dx4,dx5,dbl,db2,db3];
[x1,x2,x3,x4,x5,b1,b2,b3,dx1,dx2,dx3,dx4,dx5,dbl,db2,db3]

[1241] M=newmat(17,16,[[1,1,1,1,1,0,0,0,1,1,1,1,1,1,1,111)%

[1242] for (I=0;I<16;I++) M[1][I]=1;

[1243] for (I=0;I<15;I++) M[2+I][15-1I]=-1;

[1244] M;

(0)

[1245] J1=nd_weyl_gr(cons(dx1,J),VDV,0,M);
[b174+(-3*b2"2+4*b3*b2-3%b372) ¥b1 "2+ (2*¥b2"3-2*b3*b2"2-2*b3 " 2*¥b2+2*b3"3)
*b1-2*b3*b2"3+5*b3"2%¥b2"2-2*b3"3%b2,dx1,... ()

v, —2%x5*dx2*dx5+ (b1-b2) *dx2]

[1246] P1=J1[0];
b174+(-3*b2"2+4*b3*b2-3*%b3"2) *b1 "2+ (2*b2"3-2*xb3*b2"2-2%b3 " 2*b2+2
*b373) *b1-2%b3*b2"3+5*b3"2*b2"2-2%b3 " 3%b2

[1247] fctr(P1);

[[1,1], [b1-b3,1], [b1-b2,1], [b1-b2+2%b3,1], [b1+2%b2-b3,1]]

(J + (01)) N Clby, ba, by] = (b — b)(by — bs)(by — by + 203)(by + 2by — b))

gooboogg,

(J + (B2)) N C[by, by, bs) ((by — b3)(by + 2by — b3)(by + 2by — by — 1)(by + 2by — by — 2))
(J + (05)) N C[by, by, bs] = ((by — by + 2b3)(by — by + 2by — 1)(by + 2by — by)(by + 2by — by — 1))
(J + (1)) NCby,ba,bs] = ((by — bs)(by — by + 2b3) (b1 — by + 2by — 1)(by — by + 2bs — 2)
(J + (05)) N Clby, by, bs] = ((by — by)(by — by — 1)(by — bs)(by — bs — 1)).
000000

00 A= (ay,az a3 a4,a5) 0000 (by,by,bs)-00000000,00 ¢ 000000000
0000 cone0000. 0000, 00000000000.0 00000000000
000 cone000,eq;000000000.0000,0000000 facet O agazas 0 agasas
020000 (00000). 00200 facet 0000000000000, by —by+2bs =0,
b +2b,—b;=0000,0000000000000000000000000000,00
00000000000000.000000000000000 [SST2]000.
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b2

6. Appell 0O OO F O Plaffan OOODOOODO.

0,0, +0,+c—1)—2(0, +6,+a)0,+Db)
0y(0 + 0, +c—1) —y(0, + 6, + a)(0, + 1)

~ Risa/Asir

[1221] load("yang.rr");

[1625] yang.define_ring([x,y]);

{[euler, [x,y]], [x,y], [0,0], [0,0], [dx,dy]}

[1626] S=dx+dy;

dx+dy

[1627] Li=yang.mul(dx,S+c-1)-x*yang.mul (S+a,dx+bl);

(—x+1)*dx "2+ ((-x+1) *dy+(-a-bl) *x+c-1) *dx-bl*x*dy-bl*akxx

[1628] L2=yang.mul(dy,S+c-1)-y*yang.mul (S+a,dy+b2) ;
((=y+1)*dy-b2*y) *dx+(-y+1) *dy "2+ ((-a-b2) *xy+c-1) *dy-b2*axy
[1629] G=yang.gr([L1,L2]);

[((b2*y*x-Db2xy) *dx+((y-1) *x-y~2+y) *dy "2+ (((a-b1+b2) *y-c+bl+1)
*xx+(-a-b2) xy 2+ (c—1) xy) xdy+b2*a*xy*xx-b2*axy~2) / ((y-1) *x-y~2+y) ,
(((=x+y) *dy+b2*y) *dx-bl*x*dy) / (-x+y) , ((-x"2+(y+1) *x-y) *dx~2+(
(a-b1)*x~2+((a+b1-b2) *y+c-1) *x+ (-c+b2+1) *y) *dx+ (b1l*y-bl) *x*dy
—blxa*xx~2+bl*xaxy*x)/(-x"2+(y+1) *x-y)]

[1630] yang.stdmon(G) ;

[dx,dy,1]

[1631] Base=[1,dx,dy];

[1,dx,dy]

11




[1632] Pf=yang.pf (Base,G)$
[1633] Pf[0];

[0 (/&) 0]

[ (-blxa)/(x-1) ((-a-bl)*x"2+((a+bl-b2)*y+c-1)*x+(-c+b2+1)*y)/(x"3+(-y-1)*x"R+y*x) (b
[ 0 (2*xy)/(x"2-y*x) (-b1)/(x-y) ]
[1634] Pf[1];

[00 (/)]

[ 0 (b2)/(x-y) (-bl*x)/(y*x-y~2) ]
[ (-b2*a)/(y-1) (-b2*x+b2)/((y-1)*x-y~2+y) (((-a+bl-b2)*y+c-bl-1)*x+(a+b2)*y[2+(-c+1)
\_ J

000 F=(f6,/,6,/)Y 0000,

0. F =Pf[0]F, 0,F =Pf[1]F
gooooooooobo.
7. (0000, (modified) marginal likelihood integral)
fo = (prazs + (1= p)yaya) (pr (1 = 2) + (1 = p)yn (1 = 12))

DDDDD,fcffdpdxldxgdyldyQD sdoooooooooooooooooooooo. o
O:mll.rr

oon

[CLO] D.Cox, J.Little, D.O’shea, 0 0000000000000, Ideals, Varieties, and Algorithms,
(1992, 1997), Springer.

[CLO2] D.Cox, J.Little, D.O’shea, 0000000, Using Algebraic Geometry, (1998), Springer.
Oaku| OODOOO,DOODOODOO,2002,0000.

[SST] M.Saito, B.Sturmfels, N.Takayama, Gréibner Deformations of Hypergeometric Differential
Equations, 2000, Springer.

[SST2| M.Saito, B.Sturmfels, N.Takayama, Hypergeometric polynomials and Integer Programming,
Compositio Mathematica, 115, (1999) 185-204.
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D-0Ooooooooo,000,000.
2009.09.16

1. 0O00O4d.

(a) 29,(z0, —1) 0 00DD0ODOODOOD (D00DO0O0ODOOD)
(b) 29, (29,—1) - (xd—k)0 0OODDOOOODOO. k=2,3,4,5.
(c) a,b,c00000000, 8, =28y, 0, =yd, 00000, (0 +

0,+c—1)—a(0,+0,+a)0,+b) 000000000000,
(d) £+ =04, 0, —2 0000000 Fowder 0O000. « 00O

00000000,L=90,+2ax 0 Fourier U0 F(L)ODODOO.
F(F(L)000DO.

2. (a) I-e ' =0 000 holonomic 00000 I 0000, holo-
nomic 10000000000000000007

(b) D/ID t00000 D-00O0O0O0D000 D/(I4+6,D)0000
0.(0000000000 000 Grdbner basis 1000000
oooo.)

(¢) Ji®e**"dt (Ary 000D D)00000000000000

(d) Maple 10 000)0000000000 2=0,z=00000
0000000.00000000000000000000 (0
oo)oooo.

3. f)=t1l—t)000.

(a) Ann f*000O0O.

(b) (Es—f)ef*=0000. 000 Es;eF(s)=F(s+1)000
00000. Es<p,s+1«< —pd, 00 Mellin 000, E, — f,
Ann 0 OD0OODOOOOO JO p,t 0000 holonomic OO0
goopooooooo.

() D/JO OO0 +00000 D-00O00O00O0O0OO0OO, B(s)=
fol ffdt 0000 sO0O0O0OO00OOO (contiguity relation) O O
ogd.

() 000000000 B(10000) 000000,



(a) ADDOODO A-DOO0OOoOoOO Joooo.

(b) 00000000000 J0O ;0000000000000
00000 (4, 0000000). ADDDDOOOOO0O0O0?

6. Appell 0000 F O Pfaffan 00000 ODO.

0,0, +6,+c—1)— (0, +6, +a)(f, +b)
0y (0 + 0y +c— 1) —y(s + 0y +a) (0 + 1)

7. (0000, (modified) marginal likelihood integral)

f2 = (pr12e + (1 — p)ya1y2) pr1(1 — 22) + (1 = p)y1(1 — y2))

00000, [, fsdpdridrsdyidy, 0 s 0000000000000
0000000000. O0: mll.rr

good

[CLO] D.Cox, J.Little, D.O’shea, 0000000000000, Ideals,
Varieties, and Algorithms, (1992, 1997), Springer.
000000, Buchberger 000 D0O00O0D0O.O000.000000
goooooooooo,o0o0,0o0,0b0b0b0b0bbooo0 oboo -od
O0000,00000,2003.000000 WeylDOOODOOOOOO
godooooooood.

[CLO2] D.Cox, J.Little, D.O’shea, 0000000, Using Algebraic Geom-
etry, (1998), Springer
go.0o0dddoob oo booooobooboooo.

[Oaku) OOO0OO,DO0OOOOO,2002,0000.
DooOobOobOoboboobobobo.booboboo,bobobo
gooobooogoobooooo.

[SST] M.Saito, B.Sturmfels, N.Takayama, Grébner Deformations of Hyper-
geometric Differential Equations, 2000, Springer.
goddobooooogobooboooonbbooo,oooooood
googoooooo.ooo, A 000b0oooogdogo.oogooo
00000, 00D0000000000ooooooD.00goooon
00,000000(00,000000,00),000000 (G.Ziegler,
Lectures on Polytopes, Springer), 000000, 0000000,00
oooooooo.od



1]

C.MBishop, 0O00D0O0OOOODDOO —O0ODDOOOODOOOODO
(Pattern Recognition and Machine Learning), 2006, Springer

020 0000 0O0,000000 marginal likelihood OO OOO
oooopoooooooo.

oooo,000000000,2006,0000.
0000000000000 ( marginal likelihood 00 ) 000000
oobooobogobo.ooooobooobo,obboooooooboaoo
oooooboo.o

gooo,0bbooobuooobuooboboo,obboobboobg
12,0000 11,2005, 0000, 1-106.

Markov chain monte carlo (MCMC) OO OO, MCMCODOOOOODO
O000D0O0OO000DO0O0O0DOD.OD0000D0 step by step OO
ggoobobboooooobobobbooag.
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FANO O00OD0OO

000000 integral convex polytopeJ 00 0000000000000 0O0O00O0O0O00O0O0O0OO0OO
ooo

e Fano J00ODOOODOODORYD d0O0D0O0D0O0O0DODOOOOOODOODOOODOOOOOOO
goooogo

e terminal Fano 000000000 OboundaryD 00 D0 0000000000 O0OO FanoO OO
gooooogoo

e canonical Fano 00 0000000000000 O0OOO0OD FanoOOOOOOOOOOO

e FanoO O OO P c R? 0 Gorenstein Fano 000000000 O0DODDOD OO dual polytopeld

P*z{xGRd:<x,y>§1,y€P}

000000000 FanoOOODOODOOOOODODOOO (z,y) O R{OOODOOOOOOO

e Q-factorial Fano 0 0 0 00 0000000000000 O0O0OODOO0O0OC0O0OOFano OO0 OOOQO
gooo

e smoothDJ0O00Fano 000000000000 facet 0000 Z¢90 Z00O0D0O0O0D0O0 Fano O
000000000 mMO00OOsmooth OO0 0O Q-factorial & Gorenstein 0O O O M

00 ooooo [d=41,2,...,d} 0000000 GUOOOODODOOGOOOOOODODOOOOOOO
000000000 GO orientation 000G OO0OO0OO0O0OO0OOOOOOODOODODOOOOOODOOO
O directed edge 000000000 G OO0 orientation w 00 (G;w) O directed graph 000000
directed edge 0000 E(G;w) 0000000 directed graph (G;w) O directed edge i — j 0 R4 00
ei—e; 000000P g, 0 {e,—e; :i—jeE(Gw)}00000000000e,...,eq0 REOD
oooooooobobobobobb000000 Pewy OOOO0 1 +---+x,=1000000 RY0O0O0O0
HOOOOOOOOKO R 0000000000000Pg,. CR™!'O0000

00000GO 0000 [3]={1,2,3} 0000000000 {1,2},{2,3},{1,3} 00000 orientation
wD1-22-33-100000P4g, 0000 (1,-1,0),(0,1,—-1),(~1,0,1) 00000000
Pawy CR2O000000000 (1,-1),(0,1),(~1,0) 000000 PGy 0 2000 Fano 0000
goog

(a) DP(GW)D d—1000000000000000000

(b) DP(GW)D Fano 0000000000 DOOO0DOOOOOOOO

() O PGy O Fano 00000000 Pg,, O Gorenstein 000000000
(d) DP(GW)D Q-Fano 000000000 OOOOOODOOOOOO

(e) DP(GW)D smooth Fano 000000000 OO0OOOOODOOOOO

000 (a)0 (b) 0000 (c) O totally unimodular matrix 0000 (d) 0 (¢) 0000000000 G
000000000 (¢)000000000000000000000

00000 arXiv:0704.0049 O O arXiv:0805.4533 0 0 arXiv:0806.2604 00 O O



gbooooboooo,oog. 2009.09.17

googo

a

b

() OO00OOO0OOOUODO I,00000

(b) w=(2,1,2) 0000 iny(I4,) 00000
(d
(e

)
)

(¢) w=1(2,1,2) 0000 regular triangulation 0 000 O
) w (1 2,1) 0000 regular triangulation 0 00 00O
) o

regular triangulation O +/in,,(I4) 000000000000

2.
1 1 1 1
A=(0 1 0 1
0 011
googono
() DO0DDOO0O0U0OOO I, 00000
(b) w=(1,0,0,2) 0000 in,(l4) 00000
(¢) 00 w OO0O0O regular triangulation 0 00 0O 0O
3.
1 1 1 1
A:
0 1 3 4
googno

() OO00ODOO0OOO0OO I,00000
(b) w=(1,0,0,2) D000 regular triangulation 00000

4. P={(z,y) €ER?* |2 >0,y >0} 000
(a) 00 w; e R2000D0, F; :=face,,(P) 00000.
wy = (1,1),we = (—1,-1),ws = (—1,0),ws = (0, —1),ws = (0,0)
(b) F; O normal cone Np(F;) OODOO.
5. I=(x?+y*—4,0y—1)000.

(a) y <2 00O lexicographic order < 0000, Cy < (x0000 I
O Grébner cone) 0O 00O



(b) Cr[(3,1)] = {w € R | in,(I) =in 1) ()} 0OOOO.
(c) I0 RE, 0000 Grébner fan 000, 0000.
(d) 0 cone00000000O0DODOOOO,in,)D0000.

6. J={(x+y+zy+2z)000.

(a) J O Grébner fan 00O D0O.

(b) () DDOOO -OOUOD OOOUCODOOOUOD fan 0000, O
0 fan 0 nomal fan 000000 OO polytope DO ODO.

(¢) J O Grébner fan 0 normal fan 00000000 polytope (i.e.
state polytope) 00000 .

7. AQXAQDDD

11100 0 0 0O
000111000
A:000000111
1001 00100
010010010
001 0O01O0O01

good.

(a) AO triangulation 0000, 000000000000 0OO0OO
go.

(b) T4 O Grobner fan 000D,

8. () 0U0OUDO0DDDUOODOOUDUIOODOUDOOOO polymake
gobgooooboon

P, = conv({(1,0,0),(0,1,0),(0,0,1), (-1,—-1,-1)})
Py, = COHV({(*L 070)7 (Oa 1, 0)7 (Oa 0, 1)7 (17 -1, 1)})

(b) D0UOO0OO0O0O0OUODOOOODOODO polymake OO ODOOO

good

Py = conv({(1,0),(0,1),(-1,—-1)})

Py, = COHV({(]_, 0, 0)7 (07 1, O)a (0707 1)a (1’ 1, 1)})

Py = conv({(1,-1,-1),(—1,-1,0),(0,1,—1), (0,0,1)})

P, = conv({(1,0,0),(0,1,0),(0,0,1),(-1,0,0), (0,—1,0), (0,0, —1)})



9. (0000)0D0000 2000000000000 POOOOOO
O00000O00ooooooooooooboobooD. PO smooth fano
0000oo00o0oo0ooooooOoooo. (POUOODOOOOO
00? PO facet 0000 Z400000000))

good



oooobooooobo,ob. 2009.09.17

1.

ooogo

() OOOODODOOUOO I,00000
IA:<1'0$2—.’E%>

Asir 000000 toric.rr 0000000000 O0O0DOO0DOOOOODOOOOOOODOO

/'Asir
[1237] load("toric.rr");
[1250] toric_ideal([[1,1,1],[0,1,2]11);
ideal :
[x2-t0*t172,x1-t0*t1,x0-t0,t0*t1*xt2-1]
gb :
[x0*x2-x1"2,-t2*x1+1,t2*x0*x2-x1,-t2*x2+t1,x0-t0]
[x0*x2-x1"2]

oo:
Asir 000000 toric.rr, 4ti2, Macaulay2 DU OO0 OO toric.m2

(b) w=(2,1,2) 0000 in,(I[4) 00000
in, (14) = (zox2)
(¢) w=1(2,1,2) 0000 regular triangulation 000 0O O
Ian, = v/in,(14) = (ox2) = (x0) N (X2)
regular triangulation A, 00 maximal face O 12,010
A, = {01,12,0,1,2}
Jooooobbooooobobobobbbooooooboboboooooo
(d) w=(1,2,1) 0000 regular triangulation 00 00 O
iny (1a) = ()

IAw = inw(IA) = <$1>

regular triangulation A,, 0 maximal face O 020

Ay ={02,0,2}

gbooobooboboboboobooboobooboobooog

h

I
o O =
O = =

googo

(a) OOOUOODOOUODO I,00000
Iy = (xox3 — T122)



(b) w=(1,0,0,2) 0000 in,([,) 00000
iny (14) = (zox3)
(c) 0O wOO0OO regular triangulation 00 000
In, = Ving(Ia) = (zows) = (o) N (z3)
regular triangulation A,, 0 maximal face 123,012
A, = {123,012,12,13,31,01,02,0,1,2, 3}

oboboobOobooobooboooobobooooobooooobon

=001 s 4)
gooon
() 0O00O0OODO0OD I4,00000
Iy = (zox3 — 2122, —xlxg + x; —LC%’E;; + xoxg, —x%xg + x‘i’)
(b) w=(1,0,0,2) 00 D00 regular triangulation 0 00 00O
in,(I4) = (—x3ws, 2023, 1173, To22)

Asir 000000 toric.rr 00 grw, inwOOOOOOOOO0OO0OOODOOO0OOCODOODOAO

FAsir
[1220] load("toric.rr");
[1233] Id=toric_ideal([[1,1,1,1],[0,1,3,4]11);
ideal :
[x3-t0*t174,x2-t0*t1°3,x1-t0*t1,x0-t0,t0*xt1*t2-1]
gb :
[x0*x3-x1*x2,-x1*%x3"2+x2"°3,-x1"2*x3+x0%x2"2,-x0"2*x2+x1"3,
—t2*x1+1,t2*%x0%x3-x2,-t2*x0"2*x2+x172,t1*x3-t2*x272,-x3+t1*x2,
t2*xx0*x2-t1*x1,-x1+t1*x0,x0-t0,t2"2*xx0*x2-t1,-t2*x2+t1°2]
[x0*x3-x1*x2,-x1*%x3"2+x2"°3,-x1"2*x3+x0%x2"2,-x0"2*x2+x1"3]
[1234] G=gr_w(Id, [x0,x1,x2,x3],[1,0,0,2]);
[-x172%x3+x0%x2"2,-x0"2*x2+x1"3,x0*x3-x1*x2,-x1%x3"2+x2"3]
[1235] InW=map(in_w, G, [x0,x1,x2,x3], [1,0,0,2]);
[-x172*x3,-x0"2*x2,x0%x3,-x1*x3"2]
[1236] primedec(InW, [x0,x1,x2,x3]);
[[x1,x0], [x3,x0], [x3,x2]]

Ia, = Ving(la) = (x123, o3, Tox2) = (To, x1) N (To, x3) N (T2, 23)

regular triangulation A,, 0 maximal face 0 23,12,010
A, ={23,12,01,0,1,2}
O00o0oooooDoooooooooooooooooooooo
4. P={(z,y) eR? |2 >0,y >0} 000.
(a) 00 w; e R20000, F, :=face,,(P)00000O.

w1 = (1, 1),11)2 = (—1,—1),11)3 = (—1,0),104 = (0, —1),11)5 = (0,0)



o Fy :=face,, (P) =10

o Fy :=face,,(P) ={(0,0)}

o F3:=face,,(P)=(0,1) x Rxq
o Fy :=face,,(P)=(1,0) x R>q

o Fy:=facey, (P)=P
(b) F; O normal cone Np(F;) OO ODO.

e Np(Fy) = {(wy,ws) | w1 > 0o0r wy >0}
o Np(Fy) = {(w,ws) | w1 < 0,ws < 0}

* Np(F3) = {(w1,0) | wy <0}

e Np(Fy) ={(0,ws) | wa < 0}

e Np(F5) ={(0,0)}

5. I=(a?+y*—4,2y—1)000.

(a) y <2 00 lexicographic order < 0000, Cr 4 (0000 IO Grébner cone) 0000

I0<0000000000000 {y*—4+1,2+y* -4y} 00000, w=(w,w;) 0000000
oooo00000oo.

(0,2)-w>0, (0,4)-w>0,
(1,-3)-w>0, (1,-1)-w >0,
(,0)-w>0, (0,1)-w>0

00, Cr« = {(wi,ws) | we > 0,ws < 1/3w1}.
polymake 000D OO0D0OODOOODOO0O

F conel.txt ~
INEQUALITIES

02

O O O O O o

0
1
1 -1
1
0

\§ J
goooo,ogooboooooooooooa.

J

$ polymake conel.txt FACETS
FACETS
002
01 -3
100

(b) C1[(3,1)] = {w € R | iny,(I) =ing)(/)} DODOO0O.
I0 <3, 0000000000000 {y*-42+1,z+3° -4y} 00000, w=(w,wz) 00000
0ooo0000ooooO.

(1,-3) - w=0, (1,-1)-w >0,
(0,2)-w >0, (0,4)-w>0,
(,0)-w>0, (0,1)-w>0



()

oo, C[[(&lﬂ = {(w1,w2) | we > 0,we = 1/3w1}.
polymake 0O OO OO0OODOOODOOO

FconeQ.txt
INEQUALITIES
1 -3
-13
1 -1

O O O O O O o
o =, O O
= O B N

N

oooooO,00boo00oooobooooooa.

$ polymake cone2.txt FACETS AFFINE_HULL
FACETS
01-1
100

AFFINE_HULL
01 -3

J

1d R;ODDDD Grébner fan OO 0O, 0000

C;0000000000 wOOOOO0.0,(M)00,(3,1)00000000000000000,w=(3,2)

oooooo.ooo0o0,0«, 000000,

CI7<1U = {(w17w2) ‘ wo < Wi, W > 1/3’101}

0o00,C;<0000000000. (0000000000000 000000 w0000, 000 R2ZO
oboooboobooobD. o0 s 0y0O0000D0OO00O0O0DOO0OOO0OOO0O. OOoO00O0OooOoOobooon.

(d) 0 cone00000000000000,in,(J)0000.

Ocone00000 wODOOD <, 00000000000 DOO0ODO.00DOO0O0DOODOO.

o Cr:f{z+y® —4y,y' —4y° +1}
L4 025{L2+y2*47ﬁ*1ayj+$*4y}

Cy



o Cs:{y*+a? —4ay—1,2° — 4z +y}
o Cy:{zt —4a? +1,y+2° — 4}
o O5:{z+y®—4dy,y* —4y?+1}
o Cs:{z+y’ —dy,y* — 4> + 1}
o Cr:{a*+y* —4ay—1,9° + o — 4y}
o Cg: {y*+a? —4,ay — 1,2° + y — 4z}
o Cy:{zt—4a® +1,y+2®—4a}
o Co:{x+y®—4dy,y* —4y> +1}

6. J=(r4+y+zy+22)000.

(a) J O Grobner fan 000 O0O.

Cr = {(wi,w2,ws) | w1 > w3, wa > w3}
C2 = {(U)l,'wg,’wg) | w) < wg,wp < w3}
Cs = {(wi,w2,w3) | w > wa,ws < ws}

030000000 conedODO fan O J O Grobner fan 00O .

(b) () DDODOD - 00O0OO 000OQ0OOOOODO fan O0O0O0O. OO fan O nomal fan 00000000
polytope OO OO .

wy=000000000000000000000C0C,000000000000 polytope DO DO.

1 w2 1 1 Y 1
1 - G 1 1
7777777 S S S Y AN
G | | |
-1 1 w1 =1 1 x
7777777 7| ]
3 Cs 3 3

(¢) J O Grobner fan O normal fan 00000000 polytope (i.e. state polytope) DO 00O .
o,Jooboooboooboobooboooag,

State(J) = Mat(J)
— conv{(1,1,0), (0, 1,1), (1,0, 1)}

oboo.doboooooboooooa.

(0,1,1)

(1,0,1)

(1,1,0)



7. AQXAQDDD

11100 00 0O
000111000
A2000000111
1001 001 0O
010010010
001 0O01O0O01

gooog.

(a) AO triangulation 0000, 0000000000000 OOOOO.
[,00000

[x4*x8-x5*x7 ,x1*x8-x2*x7 ,x3*x8-x5*x6 , x3*xX7-x4*x6 ,x0*x8-%x2*x%6,

x0*x7-x1*x6,x1*x5-x2%x4 , x0*x5-%x2*x3, x0*x4-x1*%x3]
o00ddw=(1,0,0,0,1,0,0,3,1) D000Oin,(I4) OOOOOOO
[x3*x8,x0%x5,-x2*x4 ,x0%x8,x0*x4 , -x5*xX7 ,x3%xX7 ,—x2*x7 ,x0*x7]
0000000 radical 0 OOODOOOOOO

{ideal (x8,x7,x5,x4), ideal (x5,x3,x2,x0), ideal (x7,x3,x2,x0),
ideal(x8,x7,x2,x0), ideal (x8,x7,x4,x0), ideal (x7,x4,x3,x0)}

O 000 0O regular triangulation A,, [0 maximal face O

01236, 14678, 14568, 13456, 12356, 12568

oood

(b) I4 O Grébner fan 00O O.

gfan 0000 Grébner fan 00 0000000000000 0O0OD0OOD0OOD0ODO0ODOOOOOOOOO(x0,
., x80 a, b, ..., 1000000)

gfan_d2xd2.txt

{i*e-h*f,ixb-hxc,i*d-g*f h*xd-gxe,i*xa-g*c,

h*xa-g*b,f*xb-e*c,f*a-d*c,exa-d*b}

gfan U0 0000000000 gfan.d2xd2.out 0O OO

~

<$ gfan < gfan_d2xd2.txt > gfan_d2xd2.out )

000 reduced Grébner basis 00000000000 reduced Grobner basis [0 0 Grobner cone O
OO00000D0gfan groebnercone J 000000 O0OOgfan d2xd2.out O O reduced Grébner basis
{e*i-f*h,d*i-f*g,d*h-exg,b*i-c*h,bxf-c*e,a*i-c*g,a*h-bxg,a*xf-c*d,a*xe-bxd} OO OO OOO
00000 Grobnercone DOO0O0OO0ODOOOOOOOO d2xd21.gb 0000

d2xd2_1.gb

{exi-f*h,d*i-f*g,d*h-e*xg,bxi-c*h,b*f-c*e,axi-c*g,

axh-b*g,a*f-cxd,a*xe-b*xd}

gfan groebnercone O OO OODOOOOO



$ gfan_groebnercone < d2xd2_1.gb
LP algorithm being used: "cddgmp".
_application PolyhedralCone
_version 2.2

_type PolyhedralCone

AMBIENT_DIM
9

DIM
9

IMPLIED_EQUATIONS

LINEALITY_DIM
5

LINEALITY_SPACE
1000-1-10-1-1

010010010
001001001
000111000
000000111
FACETS

00001-10-11
0001-10-110
01-10-11000
1-10-110000

RELATIVE_INTERIOR_POINT
420210000

J

Uob0oobo0o 400000000 cone0 000000000 ODOOODOOOOOOODOOOODOOOO
Ocone0O00OOO0OOOOOOO

w5 — Wwg — wg + wg > 0
wy — ws —wy +wg > 0
we — w3 — ws + wg > 0

wi; — wo — wy +ws >0

8. () 00000000 DOO0O0OO0OOOO0ODODOO0OODODOO polymake 00O OOOOOOODO

P = COHV({(LOa O)a (07 1, O)a (0707 1)3 (717 -1, 71)})
P, = conv({(-1,0,0),(0,1,0),(0,0,1), (1,—1,1)})

pO00000O0ODOOOODOOOODOOOOO

//-ip,pl.txt ~
POINTS

1100

1010

1001

1-1-1-1

N Y,

PO facet 000000000000 O0O0OOOOOO



$ polymake ip_pl.txt FACETS
FACETS

1-1-1-1

1-1-13

1-13-1

13-1-1

o000 pOD0O0ODOOODOODOOO

-z —29—2320
l—21—29+32x3>0
l—z14+3z0—23>0
14321 —20—23>0

(z1,22,23) =(0,0,0) 00000000000 1>000000000000000000facet0000O0O
gb100b00boobobbobooboobooboobo

LR UO0OO0O0OOO0OOOODOO0OO
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(b) DUOO0OUDOO0O0OO0OODO0OOOUOD polymeke JOOODOODOOOODO
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Py = conv({(1,0,0),(0,1,0),(0,0,1),(-1,0,0), (0, -1,0), (0,0, -1)})
0000 P=conv({uy, - ,un}) 00000000000O00O
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0000000 wePOOOOODOOODOOO ¢ 0O Ezlti=1DDDDDDDDDDDD
U:Ztiui
i=1
goooooo
(vy,u) > =1 (Vu € P)
gogoon
<v,ui>271 (]_SV'LSm) .................... @

oobooboboooboobooooobobooobooboooooboooooaon



pO00000ODOOOODODOOOOD

1+£L’120
1+222>0

171’1733220

ooooboooooboooooboooo

dual _pl.txt

INEQUALITIES
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Py =conv({(0,0,1), (0,1,0), (1,0,0), (1, 1, —1), (—1, 1, —1), (—1, — 1, 1)})
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= (z—-y-Dgag+gp3+(@z—z—2-1) (a) 1 <u HMEEDHEER v # 1 [cDWTHIZIL.
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( Groupwise Selection Problem )
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